GOOD MODULI SPACES FOR ARTIN STACKS 



JAROD ALPER 



Abstract. We develop the theory of associating moduH spaces with nice geo- 
metric properties to arbitrary Artin stacks generalizing Mumford's geometric 
invariant theory and tame stacks. 
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1. Introduction 

1.1. Background. David Mumford developed geometric invariant theory (GIT) 
( [GITj ) as a means to construct moduli spaces. Mumford used GIT to construct 
the moduli space of curves and rigidified abelian varieties. Since its introduction, 
GIT has been used widely in the construction of other moduli spaces. For instance, 
GIT has been used by Seshadri ( |Ses82j ). Gieseker ( |Gie77j ). Maruyama ( |Mar77j ). 
and Simpson f [Sim94| ') to construct various moduli spaces of bundles and sheaves 
over a variety as well as by Caporaso in [Cap94| to construct a compactification of 
the universal Picard variety over the moduli space of stable curves. In addition to 
being a main tool in moduli theory, GIT has had numerous applications throughout 
algebraic and symplectic geometry. 

Mumford's geometric invariant theory attempts to construct moduli spaces (e.g., 
of curves) by showing that the moduli space is a quotient of a bigger space param- 
eterizing additional information (e.g. a curve together with an embedding into a 
fixed projective space) by a reductive group. In [GITj . Mumford systematically de- 
veloped the theory for constructing quotients of schemes by reductive groups. The 
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property of reductivity is essential in both the construction of the quotient and the 
geometric properties that the quotient inherits. 

It might be argued though that the GIT approach to constructing moduh spaces 
is not entirely natural since one must make a choice of the additional information 
to parameterize. Furthermore, a moduli problem may not necessarily be expressed 
as a quotient. 

Algebraic stacks, introduced by Deligne and Mumford in (DM69| and generalized 
by Artin in [Art 74] . are now widely regarded as the right geometric incarnation of 
a moduli problem. A useful technique to study stacks has been to associate to it a 
coarse moduli space, which retains much of the geometry of the moduli problem, 
and to study this space to infer geometric properties of the moduli problem. It 
has long been folklore (IFC90]) that algebraic stacks with finite inertia (in partic- 
ular, separated Deligne-Mumford stacks) admit coarse moduli spaces. Keel and 
Mori gave a precise construction of the coarse moduli space in [KM97| . Recently, 
Abramovich, Olsson and Vistoli in |AOV08| have distinguished a subclass of stacks 
with finite inertia, called tame stacks, whose coarse moduli space has additional de- 
sired properties such as its formation commutes with arbitrary base change. Artin 
stacks without finite inertia rarely admit coarse moduli spaces. 

We develop an intrinsic theory for associating algebraic spaces to arbitrary Artin 
stacks which encapsulates and generalizes geometric invariant theory. If one con- 
siders moduli problems of objects with infinite stabilizers (e.g. vector bundles), 
one must allow a point in the associated space to correspond to potentially multi- 
ple non-isomorphic objects (e.g. S'-equivalent vector bundles) violating one of the 
defining properties of a coarse moduli space. However, one might still hope for nice 
geometric and uniqueness properties similar to those enjoyed by GIT quotients. 

1.2. Good moduli spaces and their properties. We define the notion of a good 
moduli space (see Definition l4.1|) which was inspired by and generalizes the existing 
notions of a good GIT quotient and tame stack (see [AOVOSj ) . The definition is 
strikingly simple: 

Definition. A quasi-compact morphism <j) : X ^ Y from an Artin stack to an 
algebraic space is a good moduli space if 

(1) The push-forward functor on quasi-coherent sheaves is exact. 

(2) The induced morphism on sheaves Oy — > (t>*Ox is an isomorphism. 

A good moduli space cf) : X Y has a large number of desirable geometric 
properties. We summarize the main properties below: 

Main Properties, li (p : X Y is a. good moduli space, then: 

(1) (p is surjective and universally closed (in particular, Y has the quotient topol- 
ogy)- 

(2) Two geometric points xi and X2 S X{k) are identified in Y if and only if their 
closures {xi} and {X2} in X Xz k intersect. 

(3) UY'^Y is any morphism of algebraic spaces, then (f>Y' : X Xy Y' ^ Y' is a 
good moduli space. 

(4) If X is locally noetherian, then cj) is universal for maps to algebraic spaces. 

(5) If X is finite type over an excellent scheme S, then Y is finite type over S. 

(6) If X is locally noetherian, a vector bundle on A" is the puUback of a vector 
bundle on Y if and only if for every geometric point x : Spec k —^ X with closed 
image, the Ga;-representation (g) A: is trivial. 
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1.3. Outline of results in paper. Good moduli spaces appear to be the cor- 
rect notion characterizing morphisms from stacks arising from quotients by lin- 
early reductive groups to the quotient scheme. For instance, if G is a linearly 
reductive group scheme acting linearly on X C P" over a field k, then the mor- 
phism from the quotient stack of the semi-stable locucs to the good GIT quotient 
[X^'^/G] X^^//G is a good moduli space. 

In section [T3l it is shown that this theory encapsulates the geometric invariant 
theory of quotients by linearly reductive groups. In fact, most of the results from 
[GITi Chapters 0-1] carry over to this much more general framework and we argue 
that the proofs, while similar, are cleaner. In particular, in section[Tl]we introduce 
the notion of stable and semi-stable points with respect to a line bundle which gives 
an answer to [LMBOOl Question 19.2.3]. 

With a locally noetherian hypothesis, we prove that good moduli spaces are uni- 
versal for maps to arbitrary algebraic spaces (see Theorem 16. 6p and, in particular, 
establish that good moduli spaces are unique. In the classical GIT setting, this 
implies the essential result that good GIT quotients are unique in the category of 
algebraic spaces, an enlarged category where quotients by free finite group actions 
always exist. 

Our approach has the advantage that it is no more difficult to work over an 
arbitrary base scheme. This offers a different approach to relative geometric in- 
variant theory than provided by Seshadri in [Ses77| . which characterizes quotients 
by reductive group schemes. We note that geometric invariant theory is valid for 
non-reduced groups schemes as well as non-affine group schemes. 

We show that GIT quotients behave well in flat families (see CoroUarv 113. 4|) . 
We give a quick proof and generalization (see Theorem 112. ISp of a result often 
credited to Matsushima stating that a subgroup of a linearly reductive group is 
linearly reductive if and only if the quotient is affine. In section IIOI we give a 
characterization of vector bundles on an Artin stack that descend to a good moduli 
space which generalizes a result of Knop, Kraft and Vust. Furthermore, in section 
ini we give conditions for when a closed point of an Artin stack admitting a good 
moduli space is in the closure of a point with lower dimensional stabilizer. 

Although formulated differently by Hilbert in 1900, the modern interpretation of 
Hubert's 14th problem asks when the algebra of invariants A'^ is finitely generated 
over k for the dual action of a linear algebraic group G on a A:-algebra A. The 
question has a negative answer in general (see |Nag59| ) but when G is linearly 
reductive over a field, A*^ is finitely generated. We prove the natural generalization 
to good moduli spaces (see Theorem 14.1 6tpa| ) : if ^ ^ F is a good moduli space 
with X finite type over an excellent scheme S", then Y is finite type over S. We 
stress that the proof follows directly from a very mild generalization of a result due 
to Fogarty in |Fog87j concerning the finite generation of certain subrings. 

Finally, we note here the following trivial but yet interesting consequence of the 
definition of a good moduli space: if tt : A:" — > 5* is an Artin stack over a noetherian 
base S admits a good moduli space (f) : X Y with Y proper over 5", then for any 
coherent sheaf T on X, the higher direct image sheaves -R'tt^JF are finite. 

1.4. Summary. The main contribution of this paper is the introduction and sys- 
tematic development of the theory of good moduli spaces. Many of the fundamental 
results of Mumford's geometric invariant theory are generalized. The proofs of the 
main properties of good moduli spaces are quite natural except for the proof that 
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good moduli spaces are finite type over the base (Theorem 14. 161 (jxi|) ) and the proof 
that good moduli spaces are unique in the category of algebraic spaces (Theorem 

We give a number of examples of moduli stacks in section [8] admitting good 
moduli spaces including the moduli of semi-stable sheaves and alternative com- 
pactifications of A4g. In each of these examples, the existence of the good moduli 
space was already known due to a GIT stability computation, which is often quite 
involved. It would be ideal to have a more direct and intrinsic approach to construct 
the moduli spaces much in the flavor of Keel and Mori's construction of a coarse 
moduli space. For instance, in constructing moduli interpretations of log canonical 
models of Mg, the GIT stability computation seems beyond our current means. 

One could hope that there is a topological criterion for an Artin stack (eg. a 
weak valuative criterion) together with an algebraic condition (eg. closed points 
should have a linearly reductive stabilizers) which would guarantee existence of 
a good moduli space. Alternatively, one could ask whether the Hilbert-Mumford 
numerical criterion [GIT, Theorem 2.1] can be generalized to this setting to give 
an intrinsic and practical criteria for the existence of good moduli spaces. 

It is also interesting to develop a characteristic p generalization of the theory 
of good moduli spaces characterizing quotients by reductive group schemes. The 
author is currently considering these questions. 

Acknowledgments. This paper consists of part of my Ph.D. thesis. I am indebted 
to my advisor Ravi Vakil for not only teaching me algebraic geometry but for his 
encouragement to pursue this project. I would also like to thank Max Lieblich 
and Martin Olsson for many inspiring conversations and helpful suggestions. This 
work has benefited greatly from conversations with Johan de Jong, Andrew Kresch, 
David Rydh, Jason Starr and Angelo Vistoli. 

2. Notation 

Throughout this paper, all schemes are assumed quasi-separated. Let 5 be a 
scheme. Recall that an algebraic space over 5* is a sheaf of sets X on (Sch/S')Et 
such that 

(i) Ax/s : X ^ X Xs X is representable by schemes and quasi-compact. 

(ii) There exists an etale, surjective map U ^ X where C/ is a scheme. 
An Artin stack over 5 is a stack X over (Sch/S')Et such that 

(i) Ax/s ■ X —^ X X s X is representable, separated and quasi-compact. 

(ii) There exists a smooth, surjective map X ^ X where X is an algebraic space. 
All schemes, algebraic spaces, Artin stacks and their morphisms will be over a 

fixed base scheme S. QCoh{X) will denote the category of quasi-coherent Ox- 
modules for an Artin stack X while Coh(A:') will denote the category of coherent 
C';t-modules for a locally noetherian Artin stack X. 

A morphism f : X ^ Y oi schemes is fppf if / is locally of finite presentation and 
faithfully flat. A morphism / is fpqc (see |Vis051 Section 2.3.2])) if / is faithfully 
flat and every quasi-compact open subset of Y is the image of a quasi-compact open 
subset of X. This notion includes both fppf morphisms as well as faithfully flat 
and quasi-compact morphisms. 

We will say G ^ S" is an fppf group scheme (resp. an fppf group algebraic space) 
if G is a faithfully flat, finitely presented and separated group scheme (resp. 
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group algebraic space). If G ^ is an fppf group algebraic space, then BG = [S/G] 
is an Artin stack. The quasi-compactness and separatedness of G ^ S* guarantee 
that the diagonal of BG — > S has the same property. 

2.1. Stabilizers and orbits. Given an Artin stack X a morphism f : T ^ X 
from a scheme T, we define the stabilizer of /, denoted by G/ or Ant x(T){f), as 
the fiber product 

Gf 

fj 



Proposition 2.2. There is a natural monomorphism of stacks BGf X XsT. If 
G/ — > r is an fppf group algebraic space, then this is a morphism of Artin stacks. 

Proof. Since the stabilizer of (/, ?c?) : T — > A" x^T is G/, we may assume f : S X. 
Let BG'^p (Sch /S) be the prestack defined as the category with objects {Y S) 
and morphisms {Y S) ^ (Y' S) consisting of the data of morphisms Y ^ Y' 
and Y —>■ Gf. Define a morphism of prcstacks 

F : BGy' ^X 

by F(.g) = f og £ X{Y) for {Y ^ S) G ObBG^'°(y). It suffices to define the 
image of morphisms over the identity. If a G AMtgQY''{Y){Y S) corresponds to 
a morphism Gf, then since Axitx(Y){f ° 9) — Gf XsY, we can define 

F{a) = (a, id) G G/ xsY{Y). Since BGf is the stackification of BGf'', F induces 
a natural map / : BGf — > X. Since is a monomorphism, so is /. □ 

If / : T ^ ^ is a morphism with T a scheme and X X is an fppf presentation, 
we define the orbit of / in X, denoted ox{f), set-theoretically as the image of 
X Xx T ^ X xg T. If G/—>T is an fppf group scheme, then the orbit inherits 
the scheme structure given by the cartesian diagram 

oxif) ^XxsT 



BGf ^X xsT 

2.3. Points and residual gerbes. There is a topological space associated to an 
Artin stack X denoted by [A"! which is the set of equivalence classes of field valued 
points endowed with the Zariski topology (see [LMBOOl Ch. 5]). Given a point ^ G 
\X\, there is a canonical substack called the residual gerbe and a monomorphism 
^ X. Let ^ be sheaf attached to (ie. the sheafification of the presheaf of 
isomorphism classes T i— > [^{(T)]) so that £, is an fppf gerbe. 

Proposition 2.4. f [LMB00i Thm. 11.3]) If X is locally noetherian Artin stack 
over S, then any point ^ G \X\ is algebraic. That is, 

(i) ^ ^ Spec fc(^), for some field fc(^) called the residue field of 

(ii) X is representable and, in particular, Q^^ is an Artin stack. 

(iii) Specfc(^) is finite type. □ 
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If X is locally noetherian, ^ e \X\ is locally closed (ie. it is closed in \U\ for some 
open substack U C X) \i and only if C/j ^ A" is a locally closed immersion, and 
^ G I A" I is closed if and only if — > A" is a closed immersion. 

If ^ G I A* I is algebraic, then for any representative x : Spec k ^ X of ^, there is 
a factorization 

(2.1) Spec A; ^ BG^ ^X 



Spec k ^ Spec fc(^) 

where the square is cartesian. Furthermore, there exists a representative x : 

Specfc X with k{£^) ^ k a finite extension. 

Given an fppf presentation X ^ X, we define the orbit of ^ G \X\ in X, denoted 
by Ox{^), as the fiber product 

— 
Gi ^X 

Given a representative x : Spec A; — > X of ^, set-theoretically OxiC) is image 

s,t 

of Spec A; y.x X — > X. Let R = XxxX^X'be the groupoid representation. If 

X G |X| is a lift of .r, then Ox{C) = s{t~^{x)) set-theoretically. 

If X : Spec k ^ X is a geometric point, let ^ : Spec k X Xsk. Then = BGx, 
fc(^) = k, and ox{x) — Oxxsk{x), which is the fiber product 

oxix) s-X xs k 

BGx ^X xsk 

Definition 2.5. A geometric point x : Specfc X has a closed orbit if BGx — *■ 
A* Xg fc is a closed immersion. We will say that an Artin stack X ^ S has closed 
orbits if every geometric point has a closed orbit. 

Remark 2.6. If p : X — > A' is an fppf presentation and X is locally noetherian, then 
X : Spec k ^ X has closed orbit if and only if ox{x) Q X xs k is closed and X 
has closed orbits if and only if for every geometric point x : Spec k X, the orbit 
ox{po x) C X Xs k is closed. 

3. COHOMOLOGICALLY AFFINE MORPHISMS 

In this section, wc introduce a notion characterizing afFinencss for non-representable 
morphisms of Artin stacks in terms of Serre's cohomological criterion. Cohomolog- 
ically afRneness will be an essential property of the morphisms that we would like 
to study from Artin stacks to their good moduli spaces. 

Definition 3.1. A morphism / : A' ^ 3^ of Artin stacks is cohomologically affine 
if / is quasi-compact and the functor 

: QCoh(Af) QCoh(3^) 

is exact. 
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Remark 3.2. Recall that we are assuming all morphisms to be quasi-separated. If 
/ is quasi-compact, then by |Ols07| Lem. 6.5(i)] /* preserves quasi-coherence. 

Proposition 3.3. (Serre's criterion) A quasi-compact morphism f : X ^ Y oi 
algebraic spaces is affine if and only if it is cohomologically affine. 

Proof. [EGAl II.5.2.1, IVl. 7.17-18] handles the case of schemes. In jKnu71t III.2.5], 
Serre's criterion is proved for separated morphisms of algebraic spaces with X 
locally noetherian. It is straightforward to check that the separated hypothesis 
is not essential in Knutson's argument. The noetherian hypothesis is removed in 
|Ryd08| . □ 



Remark 3.4. Clearly, a morphism is cohomologically afhne if and only if the higher 
direct images of quasi-coherent sheaves vanish. However, this is not equivalent to 
the vanishing of the higher direct images of quasi-coherent sheaves of ideals. For 
instance, let G be a non-trivial semi-direct product x Gm over a field k. Since 
G is not linearly reductive (see section [T^ . BG Specfc is not cohomologically 
affine. However, one can compute that W{BG, Obg) = for z > 0. 

The following proposition states that it is enough to check cohomologically afSne- 
ness on coherent sheaves. 

Proposition 3.5. If X is locally noetherian, then a quasi-compact morphism / : 
X ^ y \s cohomologically affine if and only if the functor /, : Coh(<Y) ^ QCoh(y) 
is exact. 

Proof. The proof of |AOV08[ Prop. 2.5] generahzes using [LMBOOi Prop. 15.4]. □ 



Definition 3.6. An Artin stack X is cohomologically affine \i X ^ SpecZ is 
cohomologically affine. 

Remark 3.7. An Artin stack X is cohomologically affine if and only if X is quasi- 
compact and the global sections functor F : QCoh(A') — > Ab is exact. It is also 
equivalent to X ~* SpecF(A', 0;^ ) being cohomologically affine. 

Remark 3.8. By Proposition 13.31 if is a quasi-compact algebraic space, X is 
cohomologically affine if and only if it is an affine scheme. 

Proposition 3.9. 

(i) Cohomologically affine morphisms are stable under composition. 

(ii) Affine morphisms are cohomologically affine. 

(iii) If / : A" ^ 3^ is cohomologically affine, then /^^^ : X^^^ — > 3^^^^ is cohomologi- 
cally affine. If X is locally noetherian, the converse is true. 

(iv) If / : A" — > y is cohomologically affine and 5' — > S* is any morphism of 
schemes, then fs' = Xs' — > ys' is cohomologically affine. 

Consider a 2-cartesian diagram of Artin stacks: 

x'^^y 

a' a 
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(v) If g is faithfully flat and /' is cohomologically afflne, then / is cohomologically 
afline. 

(vi) If / is cohomologically affine and g is a quasi-afiine morphism, then /' is 
cohomologically affine. 

(vii) If / is cohomologically afflne and y has quasi-afflne diagonal over then /' 
is cohomologically affine. In particular, if 3^ is a Deligne-Mumford stack, then 
/ cohomologically afflne implies /' cohomologically affine. 



Proof 0/ llj: li f : X y , g : y Z are cohomologically affine, then g o f is 
quasi-compact and {g o /)^ — 17*/* is exact as it is the composition of two exact 
functors. 



Proof of Since g is flat, by flat base change the functors g*/* and f'^g'* are 
isomorphic. Since g' is flat, g'* is exact so the composition fig'* is exact. But 
since g is faithfully flat, we have that /* is also exact. Since the property of quasi- 
compactness satisfies faithfully flat descent, / is cohomologically affine. 

Proof of (E^): Let / : A:" ^ 3^ is an afflne morphism. Since the question is 
Zariski-local on y, we may assume there exists an fppf cover by an afflne scheme 
SpecS — > y. By (jvj), it sufflces to show that X Xy SpecB SpecB is cohomolog- 
ically afflne which is clear since the source is an affine scheme. 

Proof of jmj) : Suppose first that 17 : 3^' — > 3^ is a quasi-compact open immersion. 
We claim that the adjunction morphism of functors (from QCoh(3^') to QCoh(3^')) 
g*g* — > id is an isomorphism. For any open immersion i : Y' Y of schemes and 
a sheaf J- of Oy-modules, the natural map i*i^J^ ^ is an isomorphism. Indeed, 
i-^i^T ^ T and i-^Oy = Oy so that iH^T = [i-'^i^T) ®i-io^ Oy = J"- Let 
p : Y ^ y he a flat presentation with Y a scheme and consider the flber square 



Y' 




Let ^ be a quasi-coherent sheaf of C'j;;-modules. The morphism g* g^^T J- is 
an isomorphism if and only if p'* g* g^,J- — > p'* T is an isomorphism. But p'* g* g^,J- = 
i*P* 9*^ — i*i*p'*J' where the last isomorphism follows from flat base change. The 
morphisms are canonical so that the composition i*i^,p'* T — > p'*T corresponds to 
the adjunction morphism which we know is an isomorphism. 

Let ^ jr( ^ ^ JTg ^ be an exact sequence of quasi-coherent Ox'- 
modules. Let Tz = g'^^T^jg^Tx so that — > g'^^T'^ — > g'^^T'^ — > .F3 ^ is exact. Note 
that g'*T-i = T'-^ since g'* g'^ — > id is an isomorphism. Since / is cohomologically 
affine, 

f*g',T[ f,g',T'^ f^Tz 
is exact which implies that 

g,f',T[ g^flT'^ f^T^ 
is exact. Since g is an open immersion and therefore flat. 
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is exact. But and f^g'* are isomorphic functors so 



is exact. 

Suppose now that g is an afRne morphism. Wc will use the easy fact: 
Sublemma: If .9 : 3^' ^ 3^ is an affine morphism and ^1, -^3 are quasi-coherent 

C'3;/-Modules, then T\ ^ T2 ^ is exact if and only if g^T\ — > g^T^ — > g*T-}, is 

exact. 

Proof of sublemma: The question is Zariski-local on y so we may assume y is 
quasi-compact. Let h : SpecB ^ 3^ be an fppf presentation. There is 2-cartesian 
square 



Spec A ■ 
h' 

y- 



■ Spec B 

h 

■y 



and 



T\ ^ T2 ^ Tj, exact h!* T\ h!*Ti — > h!*Tz exact 

^ g'J^*Tx gy*T2 g'^h'*Tz exact 
<^==> h*g^,Ti h*g^,T2 h*g^,Tj, exact 
g*J'i g*J'2 g*J^3 exact 



where we have used the corresponding fact for morphisms of affine schemes, the 
faithful flatness of h and h', and flat base change. □ 

Since g is afhne, both g and g' are cohomologically affine so that the functors 
g*,gi, and /* are exact. Since f^,gl = 5*/^ is exact, by the above sublemma is 
exact. This establishes (|vi)) . 

Proof of ifwi)) : If h : S' S is any morphism, let {Si} be an afhne cover of S 
and {Slj} an affine cover of h~^{Si). Since / is cohomologically affine, by (|vi| 
that fsi is cohomologically affine and therefore fs' . is cohomologically affine. The 
property of cohomologically affine is Zariski-local so fs' is cohomologically affine. 



Proof of livii\) : The question is Zariski-local on S so we may assume S is affine. 
The question is also Zariski-local on y and y' so we may assume that they are 
quasi-compact. Let p : Y y he a smooth presentation with Y affine. Since Ay/g 
is quasi-affine, Y XyY = y Xy^^y (Y XgY) is quasi-affine and p is a quasi-affine 
morphism. After base changing hy p : Y ~> y and choosing a smooth presentation 
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Z yy with Z an affine scheme, we have the 2-cartesian diagram: 



h" 




i" 



9- 


h 




■ 



Since / is cohomologically afhne and p is a quasi-afhne morphism, by (jvi]) h is 
cohomologicaUy affine. The morphism Z ^ Y \& affine which imphes that h!' 
is cohomologically affine. Since the composition Z yy y' is smooth and 
surjective, by descent /' is cohomologically affine. 

For the last statement, l^y js : 3^ ^ 3^ xs 3^ is separated, quasi-finite and finite 
type so by Zariski's Main Theorem for algebraic spaces, ^yjs is quasi-affine. 



Proof of i fm)) : Since X^^^ — > A" is affine, the composition X^,^^ X ^ y is co- 
homologically affine. Using that y^^^ ^ 3^ is a closed immersion, it follows that 
'^rod ~* 3^rcd cohomologically affine from the standard property P argument (see 
Proposition 13 . 14( 1 . For the converse, it is clear that / is quasi-compact. We may 
suppose that X is noetherian. If Z be the sheaf of ideals of nilpotents in Ox, there 
exists an N such that = 0. We will show that for any quasi-coherent sheaf T, 
f^,J^ — 0. By considering the exact sequence, 

— > J- — > T'T — > J-^T/T'+^T — > 0, 

and the segment of the long exact sequence of cohomology sheaves 

— > R^f^T^T — > R^f^{T^T/T'+^T). 

By induction on n, it suffices to show that = 0. 

If i : X^^^^ ^ X and j : y^^^ ^ y, then for each n, T'T/T'+^T = i^G,, for a 
sheaf Qn on X^^^ and 

R'f,{T'T/T'+^T) =R\fo i),g„ 
which vanishes if i > since foic^ j° fn 



is cohomologically affine. This establishes 

□ 



Remark 3.10. Cohomologically affine morphisms arc not stable under arbitrary 
base change. For instance, if A is an abelian variety over an algebraically closed 
field k, then p : Spec k — BA is cohomologically affine but base changing by p gives 
A — > Spec k which is not cohomologically affine. This remark was pointed out to 
us by David Rydh. 

Remark 3.11. It is not true that the property of being cohomologically affine can 
be checked on fibers. For instance, \ {0} — > is not affine but has affine fibers. 
While finite morphisms of stacks are necessarily representable morphisms, proper 
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and quasi-finite morphisms need not be. For a representable morphism, proper 
and quasi-finite morpfiisms are finite and tlius affine. However, proper and quasi- 
finite non-representable morpliisms are not necessarily cohomologically affine. For 
instance, if G — > S' is a non-linearly reductive finite fppf group sclieme (see section 
[T2)) . then BG — > S" is proper and quasi-finite but not cohomologically affine. 

Corollary 3.12. Suppose y is an Artin stack with quasi-affine diagonal over S. A 
morphism f : X y is cohomologically affine if and only if for all affine schemes 

Y and morphisms Y ^ y, the fiber product X Xy Y is a cohomologically affine 
stack. 

Proof. If / is cohomologically affine, then for any morphism Y ^ y, X Xy Y ^ 

Y is cohomologically affine. If Y is affine, X Xy Y is a. cohomologically afhne 
stack. Conversely, we can assume y is quasi-compact so there exists Y ^ y a 
smooth presentation with Y an affine scheme. Then X XyY being cohomologically 
affine implies X XyY ^ Y is cohomologically afhne which by descent implies / is 
cohomologically affine. □ 



Proposition 3.13. If / : A' ^ 3^ is a cohomologically affine morphism of Artin 
stacks over S and G D^{X), there is a natural isomorphism M(g o f)^!F ^ 
where g : y ^ S is the structure morphism. 

Proof. There is a natural isomorphism R(g o f)^J- = ^g■^Mf^:J- . Since /* is exact, 
M.f^T f^T in D+{y). □ 



Proposition 3.14. Let f : X y, g : y ^ Z be morphisms of Artin stacks 
over S where either g is quasi-afhne or Z has quasi-affine diagonal over S. Suppose 
go f is cohomologically affine and g has affine diagonal. Then / is cohomologically 
affine. 

Proof. This is clear from the 2-cartesian diagram 




and Proposition 13.91 □ 



3.15. Cohomologically ample and projective. Let X he a quasi-compact Artin 
stack over S and C a line bundle on X. 

Definition 3.16. C is cohomologically ample if there exists a collection of sections 
Si S r{X,C^^) for Ni > such that the open substacks Xg. are cohomologically 
affine and cover X. 

Definition 3.17. C is relatively cohomologically ample over S if there exists an 
affine cover {Sj} of 5* such that C\xj is cohomologically ample on Xj = X Xs Sj. 

Remark 3.18. Is this equivalent to other notions of ampleness? The analogue of (a') 
O (c) in [EGAi II.4.5.2] is not true by considering Obg on the classifying stack of 
a linearly reductive group scheme G. The analogue of (a) <^ (a') in [EGAi II. 4. 5. 2] 
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does not hold since for a cohoniofogically afRne stack X, the open substacks Xf for 
/ G ^{X, Ox) do not form a base for the topofogy. 

Definition 3.19. A morphism of p : A" ^ is cohomologically projective if p is 
universally closed and finite type, and there exists an S-cohomologically ample line 
bundle C on X. 

4. Good moduli spaces 

We introduce the notion of a good moduli space and then prove its basic prop- 
erties. The reader is encouraged to look ahead at some examples in Section [8l 

Let (f) : X Y he a, morphism where X is an Artin stack and Y is an algebraic 
space. 

Definition 4.1. We say that (f> : X ^ Y is a. good moduli space if the following 
properties are satisfied: 

(i) (j) is cohomologically affine. 

(ii) The natural map Oy — > ^^O^r is an isomorphism. 

Remark 4.2. If X is an Artin stack over S with finite inertia stack Ix ^ X then 
by the Keel-Mori Theorem f [KM97| ) and its generalizations f jCon05| . |Ryd07| ), 
there exists a coarse moduli space (j) : X ^ Y. Abramovich, Olsson and Vistoli in 
}AOV08j define A" to be a tame stack if (p is cohomologically affine. Of those Artin 
stacks with finite inertia, only tame stacks admit good moduli spaces. 

Remark 4.3. A morphism p : X S is cohomologically affine if and only if the 
natural map X Specp^Ox is a good moduli space. 

Remark 4.4. One could also consider the class of arbitrary quasi-compact mor- 
phisms of Artin stacks (j) : X —> y satisfying the two conditions in Definition 14.11 
We call such morphisms good moduli space morphisms. Most of the properties below 
will hold for these more general morphisms. Precisely, if the target has quasi-affine 
diagonal, then the analogues of l431H7l[4Jl[4l^[4lll and l4lll fillip hold. 
However, one can only expect uniqueness properties in (j) after requiring y to be an 
algebraic space, or more generally after requiring y to be representable over some 
fixed Artin stack. 

Proposition 4.5. Suppose : — > F is a good moduli space. Then for any 
quasi-coherent sheaf T of Oy-Modules, the adjunction morphism !F (p^cj)*^ is 
an isomorphism. 

Proof, li g : Y' ^ Y is a. fiat morphism, then (p' : X' = X Xy Y' ^ Y' is a. 
good moduli space. Indeed, Proposition 13. 9Hviip implies that cp' is cohomologically 
afBne. Let 0# : Oy — > (l)^,Ox- By flat base change, A : g*(p^Ox (f>iOx' is an 
isomorphism. Since (f)'"^ ; Oy (f>'^Ox' is the composition 

Oy, - g*Oy ''^ g*cP^Ox ^ cp'^Ox' 

it follows that (p' is a good moduli space. Let g' : X' ^ X. The composition of 
the puUback via g of the adjunction morphism a : J- (p^(p*J- with the canonical 
isomorphisms g*4>^ = <Pig'* arising from flat base change and g'*(p* = 4''*9* i 

* -7— 3 ^ +1 ; * ^ no if /* J.* T- rvj if if^ * 

9 -F ^ 9 (p*(p -F = 0,5 (p T ^ (p^(p g 
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corresponds to the adjunction morphism g*J- — + g* J- . Therefore the question 
is etale local in Y so we may assume Y is an afRne scheme. 

Then any quasi-coherent sheaf T oivY has a free resolution ^2 — > ^i — > ^ 0. 
Since the adjunction map Oy Oy is an isomorphism and (jf preserves 

coproducts, Qi 4>*4i*Gi is an isomorphism. We have the diagram 

52 ^ Gi ^ T ^ 



4>*4>*G2 ^ 0*0*^1 ^ ^ 

where the bottom row is exact because 0* is right exact and 0* is exact. Since the 
left two vertical arrows are isomorphisms, J- <j)^<j)* J- is an isomorphism. □ 

Remark 4.6. The functor is not in general faithful. For example, 4> : [A^/^/„i] 
Spec k \s a. good moduli space (see Example 18. 2p and if I is the sheaf of ideals 
corresponding to the origin, then = 0. 

For a quasi-coherent sheaf G of O^'-modules, the adjunction morphism (l)*(j)<,G — > 
G is not an isomorphism (unless 4> is an isomorphism) . Indeed for any quasi-coherent 
sheaf J- on y, </)*jF restricts to trivial representations for all geometric points of X 
(ie. any geometric point Spec k ^ X induces a morphism i : BGx X such that 
corresponds to a trivial representation). See Section [TO] for conditions on G 
implying that the adjunction is an isomorphism. 

Proposition 4.7. Suppose 




is a cartesian diagram of Artin stacks with Y and Y' algebraic spaces. Then 

(i) If : <Y — > y is a good moduli space, then (p' : X' ^ Y' is a good moduli 
space. 

(ii) If g is fpqc and (f)' : X' Y' is a good moduli space, then cj) : X ^ Y \s 
good moduli space. 

Proof. For (ii). Proposition I3.9[j vj) implies that 4> is cohomologically afRne. The 
morphism of quasi-coherent 0;f -modules : Oy 4>*Ox pulls back under the 
fpqc morphism g to an isomorphism so by descent, (j)'^ is an isomorphism. 

For (i), the property of being a good moduli space is preserved by flat base change 
as seen in proof of Proposition 14.51 and is local in the fppf topology. Therefore, 
we may assume Y — Spec A and Y' = Spec A' are afhne. There is a canonical 
identification of ^-modules T{X,(I)*A') = T{X A' ,OxxaA')- By Proposition 
14.51 the natural map A' r{X , (/)* A') is an isomorphism of ^-modules. It follows 
that X xaA' ^ Spec A' is a good moduh space. □ 

Remark 4.8. Let S be an affine scheme and X = [Spec A/G] with G a linearly 
reductive group scheme over S (see Section [T2]) . Then (j) : X ^ Spec A'-^ is a good 
moduh space. If g : Speci? Spec^"-^. Then (i) implies that [Spec{AiS) a'^ B) / G] 
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SpecB is a good moduli space and in particular B ^ {A (8)^g B)'~^. If 5 = Specfc, 
this is (GiTl Fact (1) in Section 1.2]. 

Lemma 4.9. (Analogue of Nagata's fundamental lemmas) If ^ : A:" ^ y is a 
cohomologically affine morphism, then 

(i) For any quasi-coherent sheaf of ideals Z on 

(ii) For any pair of quasi-coherent sheaves of ideals Ii,22 on X, 

Proof. Part (i) follows directly from exactness of (j) and the exact sequence — > 
X Ox Ox 11 — > 0. For (ii), by applying 0* to the exact sequence — > Ii — > 
Xi + X2 ^ I2/I1 n X2 ^ 0, we have a commutative diagram 



(t)*l2 




^ <j>*Ii ^ 0* {Ii + I2) ^ 4>*'l2 1 4>* {^1 + 2^2) ^ 

where the row is exact. The result follows. □ 

Remark 4.10. Part (ii) above implies that for any set of quasi-coherent sheaves of 
ideals Ta that 

a a 

The statement certainly holds by induction for finite sums and for the general case 
we may assume that Y is an affine scheme. For any element / e r(A', ^^X^), there 
exists Qfi, . . . , q;„ such that / G T{X^Iai + • ■ '1a„) under the natural inclusion so 
that the statement follows from the finite case. 

Remark 4.11. With the notation of Remark 14.81 (i) translates into the natural 
inclusion /{I n A'^) ^ [A/I)'^ being an isomorphism for any invariant ideal 

1 (- A. Property (ii) translates into the inclusion of ideals (Ii fl A'^) -I- {I2 r\A'^) ^ 
{Ii + 12) n A*^ being an isomorphism for any pair of invariant ideals /i, /2 ^ A. If 
5 = Specfc, this is precisely |Nag64[ Lemma 5.1.A, 5. 2. A] or [GlTi Facts (2) and 
(3) in Section 1.2]. 

Lemma 4.12. Suppose (j) : X ~* Y is a good moduli space and is a quasi- 
coherent sheaf of ideals in Oy defining a closed sub-algebraic space Y' ^ Y. Let 

2 be the quasi-coherent sheaf of ideals in Ox defining the closed substack X' = 
Y' xy X ^ X. Then the natural map 

J — » (/i*! 

is an isomorphism. 

Proof. Since the property of a good moduli space is preserved under arbitrary 
base change, cj)' : X' ^ Y' is a good moduli space. By pulling back the exact 
sequence defining J, we have an exact sequence (j)* J (j)*Oy — > 0*Oy' — > 0. 
Since the sequence 0—^1-^ (f>*Oy (p*Oy' ^ is exact, there is a natural map 
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a : (jf J ^ I. By composing the adjunction morphism — > J with (/)*Q!, we 
have a natural map 0*X such that the diagram 

^ J ^ Oy ^ Oy ^ 



0- 



X 



X' 







commutes and the bottom row is exact (since 0* is exact). Since the two right 
vertical arrows are isomorphism, (jy^I is an isomorphism. □ 



Remark 4.13. With the notation of l4.81 this states that for all ideals / C A'^ , then 
IAr\A'^ ^ I. This fact is used in [GlT] to prove that if A is noetherian then A'-^ is 
noetherian. We will use this lemma to prove the analogous result for good moduli 
spaces. 

Lemma 4.14. Suppose (f) : X isa. good moduli space and A\s,a. quasi-coherent 
sheaf of O^-algebras. Then S^ieCxA iSpeCy is a good moduli space. In 
particular, if Z C A" is a closed substack and imZ denotes its scheme-theoretic 
image the morphism Z ^ imZ is a good moduli space. 

Proof. By considering the commutative diagram 



(Spec A ■ 



X 



(Spec ■ 



Y 



the property P argument of 13.141 implies that is cohomologically afhne. Since 
^*i»Ospec^ — <^*A., it follows that O^pec^,^ ^\Os^ccA is an isomorphism so 
that (/)' is a good moduli space. Let X be a quasi-coherent sheaf of ideals in Ox 
defining Z. Then Z = Spec Ox (t>*{Ox/1) = (l)*0 x / (j)*! and is the kernel 
oiOY ^ (l)*i*Oz. □ 



Lemma 4.15. If (j)i : Xi ^ Yi and (/)2 : A2 ^ I2 are good moduli spaces, then 
01 X 02 : Xi Xs X2 ^ Yi Xs Y2 is a good moduli space. 

Proof. The cartesian squares 

X1XSX2 ^ Xi Xs Y2 ^ ^1X5^2 



X2 



Y, 



imply that (id, 02) and (0i,id) are good moduli space morphisms (ie. cohomolog- 
ically afRne morphisms f : X ^ y which induce isomorphisms Oy f*Ox\ see 
Remark l4.4p so the composition 0i x 02 is a good moduli space. □ 



Theorem 4.16. If : A" ^ F is a good moduli space, then 

(i) is surjective. 

(ii) is universally closed. 
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(iii) If Zi, Zi are closed substacks of A", then 

im Z\ n im Z2 — \va{Z\ fl Z2) 

where the intersections and images are scheme-theoretic. 

(iv) For an algebraically closed Os-field fc, there is an equivalence relation defined 
on by x\ ^ xi ^ \X(}i)\ if {x{\ fl {^2} 7^ in A" A: which induces a 
bijective map [<Y(fc)]/'^ Y{k). That is, fc-valued points of Y are fc-valued 
points of X up to closure equivalence. 

(v) (j) is universally submersive (that is, 4> is surjective and Y, as well as any base 
change, has the quotient topology). 

(vi) (p is universal for maps to schemes (that is, for any morphism to a scheme 
ip : X Z, there exists a unique map ^ : Y Z such that ^ o (/> = -0). 

(vii) (j) has geometrically connected fibers. 

(viii) : X^,^^ is a good moduh space. If X is reduced (resp. quasi- 
compact, connected, irreducible), then Y is also. If X is locally noetherian 
and normal, then Y is also. 

(ix) If A" ^ S* is flat (resp. faithfully flat), then Y ^ S is flat (resp. faithfully 
flat). 

(x) If X is locally noetherian, then Y is locally noetherian and 0* preserves co- 
herence. 

(xi) If S is an excellent scheme (see |EGA1 IV. 7. 8]) and X is finite type over S, 
then Y is finite type over 5*. 



Proof of fl): Let y : Spec fc ^ y be any point of Y . Since the property of being a 
good moduli space is preserved under arbitrary base change. 



X,, 



Spec k ■ 



X 



y 



cj)y : Xy ^ Spec A: is a good moduli space and k ^{Xy, Oxy) is an isomorphism. 
In particular, the stack Xy is non-empty implying p is surjective. 

Proof of If Z C A" is a closed substack, then Lemma [4.141 implies that Z 
imZ is a good moduli space. Therefore, part (P above implies 0(|-Z|) Q \Y\ is 
closed. Proposition I4.7r ii) implies that </> is universally closed. 

Proof of fm)) : This is a restatement of Lemma ITW ii). 

Proof of ^wj): We may assume Y and X are quasi-compact. The Og-fleld k gives 
s : Spec A; S. The induced morphism (f>s : Xg ^ Yg is a good moduli space. 
For any geometric point x S Xs{k) and any point y G {x} C X^ with y g Xs{k) 
closed, property jml applied to the closed substacks {a;},{2/} ^ Xg implies that 
(t>s{{x}) n {(t>s{y)} = {(psiy)} and therefore (j)s{y) G (l)s{{x}) = {0s(a;)}. But psix) 
and 4>s{y) are fc- valued points of Yg — > Spec k so it follows that 4>s{x) — <j}s{y)- This 
implies both that ^ is an equivalence relation and that [A:'(A:)] Y{k) factors into 
[A:'(A:)]/ ^ ^(fc) which is surjective. If xi oo X2 & Xg{k), then {xi] and {X2] are 
disjoint closed substacks of Xg. By part ([m|, (t){{xi}) and 0({x2}) are disjoint and 
in particular (/)(a;i) ^ 4'{x2)- 
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Proof of li Z C_ \Y\ is any subset with (f)^^{Z) C \X\ closed. Then since 
is surjective and closed, Z ~ (p{ip^^{Z)) is closed. This implies that cj) is submer- 
sive and since good moduli spaces are stable under base change, (f) is universally 
submersive. 

Proof of fw)]: We adapt the argument of [GIT|, Prop 0.1 and Rmk 0.5]. Suppose 
ip : X —>■ Z is any morphism where Z is a scheme. Let {Vi} be a covering of Z by 
affine schemes and set Wi — \X\ —tlj~^{Vi) C \X\. Since (j) is closed, Ui — Y — (l){Wi) 
is open and (p'^iU^) C i;-^{V^) for aU i. Since {(t>^HVi)} cover \X\, f], = so 
by Remarkimol fli = 0. Therefore, {U^} cover Y and (t>-HUr) C ^p-^{V^). 

Note that for any x ■ Y Z such that tp ~ x° 'Pj then x{Ui) Q Vi. By property 
(ii) of a good moduh space, we have that T{Ui, Oy) = T{(j)^^{Ui), Ox) so there is 
a unique map Xi '■ Ui ~> Vi such that 

- -'- ^ V 

commutes. By uniqueness Xi — Xj oii Ui H Uj. This finishes the proof of (jvi|) . 

Proof of livii]} : For a geometric point Spec A; — > F, the base change X Xyk ^ Spec k 
is a good moduli space and it separates disjoint closed substacks by (fuH) . Therefore, 
Xy- A: is connected. 

Proof of Hviii]} : The first statement follows from Proposition I3.9[pii)) . It is easy 
to check that the properties of being reduced, quasi-compact, connected and irre- 
ducible each descend to the good moduli space. For the final statement, part (jxj) 
implies that Y is locally noetherian. The property of being normal is local in the 
smooth topology so we may assume 1" is a scheme. Consider the base change for 
yeY 

U ^X 



Spec OY,y ^ Y 

Then lA is normal and has a unique closed point. If [/ lA is a, smooth presen- 
tation with U an affine scheme, then since U is locally noetherian and normal, 
any connected component is integral so that we may assume U is an integral and 
normal affine scheme. Since R ^ U Xu U is normal and noetherian, its connected 
components Ri are integral. We have 

Pl:P2 

OY,y ^ r{u) ^ r(i?i) X • • • X r(i?„) 

It is clear then that OY,y is an integral domain. If c = a/5 is integral over Oy^y with 
a, 6 G Oy.y, then as T{U) is integrally closed, c G r([/). We have pi(6c) — P2{bc) — 
Pi{b){pi{c) ~ P2{c)) = 0. As each Ri ^ U is dominant, Pi(fe)|r(fli) 0- It follows 
that pi{c) — P2(c) so c e ViOy^y). 
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Proof of i ftaj) : Consider 




Y 



By Proposition 14. 5[ the natural map Id — s- 0,0* is an isomorphism of functors 
QCoh(y) — > QCoh(y). Therefore, the composition 

q* ^ (l)*4>*q* = 0»p* 

is an isomorphism of functors QCoh(S') QCoh(A'). Since 0, and p* are exact, 
q* is exact so q is flat. Clearly, if p is surjective, then q is surjective. 

Proof of Note that X is quasi-compact if and only if Y is quasi-compact. 
Therefore we may assume Y is quasi-compact so that X is noetherian. The first 
part follows formally from Proposition 14.121 li J» : Ji Q J2 Q ■ ■ ■ is chain of 
quasi-coherent ideals in Oy, let Ik be the coherent sheaf of ideals in Ox defining 
the closed substack Yk Xy X, where Yk is the closed sub-algebraic space defined 
by Jk ■ The chain 2. : Ii C I2 ^ • • • terminates and therefore J, terminates since 
0,Zfe = J7fe. Therefore, Y is noetherian. 

For the second statement, we may assume that Y is affine and X is irreducible. 
We first handle the case when X is reduced. By noetherian induction, we may 
assume for every coherent sheaf J- such that Supp C A", (p^J^ is coherent. Let 
T he & coherent sheaf with SuppJ^ = jA"]. If ^tors denotes the maximal torsion 
subsheaf of J- (see |Lie07[ Section 2.2.6]), then SuppJ^tors Si X and the exact 
sequence 

> T tors > J' > J' I J' bors ^ 

implies <i>^T is coherent as long as 4>i,{J- / Ttors) is coherent. Since J- / J- tors is pure, 
we may reduce to the case where J- is pure. Furthermore, we may assume (\)^T ^ 0. 
Let TO ^ G Y(X,T\ We claim that m : Ox — > ^ is injective. If ker(TO) ^ 0, 
then Supp(imTO) C \X\ is a non-empty, proper closed substack which contradicts 
the purity of T . Therefore, we have an exact sequence 

— yOx^T — > T/Ox — > 

so that (pf:!- is coherent if and only if (p^.{T j O x) is coherent. Let p be a 

smooth presentation with V = Spec A affine. Let ry^ S J7 be the points correspond- 
ing to the minimal primes of A. Since Specfc(?7i) — s- [/ is flat, the sequence 

Km) p*T ® k{rii) p*{T/Ox) ® Ht],) ^ 

is exact so that dim;j(^.) p* {J^ / O x) ® k{rji) — dimj.(,j.) p*T(E)k{r]i) — 1. By induction 
on these dimensions, 0,^^ is coherent. 

Finally, if X is not necessarily reduced, let J be the sheaf of ideals in Ox defining 
X^^^ > X. For some TV, = 0. Considering the exact sequences 

— > J^+^J" — > J^J" — > J^TU^^'^T — > 

Since J annihilates J^T/J^+'^T, (p^{J^T jJ^^^T) is coherent. It follows by 
induction that p^T is coherent. 

Proof of i fiz)) : Clearly we may suppose S — Spec R with R excellent and Y = Spec A. 
Since 0^^^ : X^^^ is a good moduli space as well as (j)~^{Yi) Yi for the 
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irreducible components Yi, using |Fog83| p. 169] we may suppose that Y is integral. 
If A' is the integral closure of A in the fraction field of A, then since R is excellent, 
Spec A' ^ Spec A is finite and A' is finitely generated over R if and only if A is 
finitely generated over R. Since X Xa A' Spec A' is a good moduli space, we 
may assume A is normal. 

Fogarty proves in |Fog87| that if X ^ F is a surjective i?-morphism with X 
irreducible and of finite type over R and Y is normal and noetherian, then Y is finite 
type over S. His argument easily extends to the case where X is not necessarily 
irreducible but the irreducible components dominate Y. If p : X — > A" is any fppf 
presentation of X, then (pop is surjective (from (|i|) and the irreducible components 
of X dominate Y. Since Y is normal and noetherian (from (jxj)), Fogarty 's result 
directly implies that Y is finite type over S. □ 



5. Descent of etale morphisms to good moduli spaces 

One cannot expect that an etale morphism between Artin stacks induces an etale 
morphism of the associated good moduli spaces. However, if the morphism induces 
an isomorphism of stabilizers at a point, then one might expect that etaleness is 
preserved. The following theorem is a generalization of |Lun73[ Lemma 1 on p. 90] 
and [KM97[ Lemma 6.3] (see |Con05[ Theorem 4.2] for a more transparent and 
stack-theoretic statement). We will apply this theorem to prove uniqueness of good 
moduli spaces in the next section. 

Theorem 5.1. Consider a commutative diagram 



X - 


-^x 


<!> 

Y - 


-^Y 



with X, X' locally noetherian Artin stacks and 0, 0' good moduli spaces and / 
representable. Let ^ e \X\. Suppose 

(a) There is a representative a; : Specfc — > A" of ^ with Aut;f(j,) (x) Autx'(k){fix)) 
an isomorphism of group schemes. 

(b) / is etale at ^. 

(c) ^ and /(^) are closed. 

Then g is formally etale at 4>{£,)- 

Proof. Since / is etale at ^, there is a cartesian diagram 

— - Xi — - ■ • ■ 

. Xi • • • 

where the vertical arrows are etale and Xi , X^ the nilpotent thickenings of the closed 
immersions ^ X,Q^/ '-^ X' . Indeed, C/j/ Xx' X is a reduced closed substack of 
X etale over Q^r and there is an induced closed immersion t/j ^ G^i xx' X which 
must correspond to the inclusion of the irreducible component of {^} C \Q^i xx' X\. 
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Let Xi Yi^Xl Yl be the induced good moduli spaces and 2) = limli, 
2}' = limy/. The etale morphism — > induces a morphism on underlying 
sheaves and a diagram 





Specfc(0 



■Specfc(e') 



We claim that the diagram is cartesian and that ^ fc(^) is a separable field 

extension. Let K be an algebraic closure of fc(^). The morphism — > Q^^i Xk{^>)k{^) 
pulls back under the base change Specif — > Specfc(^) to the natural map of group 
schemes BGx — >■ BGf(x), where x : Specif ^ A" is a representative of ^, which by 
hypothesis (i) is an isomorphism. This implies that the diagram is cartesian. Since 
Q^' — > Specfc(^') is fppf, descent imphes that Specfc(^) Specfc(^') is etale. 

If fc(^) — fc(C'): then each Xi — > X^ is an isomorphism which induces an isomor- 
phism Yi Y-. It is clear then that Oy.^'ofi^) — ^ Oy.4,{^)- 

If Zq = Spec there is an etale morphism ho : Zq ^ Yq. There exists unique 
schemes Zl and etale morphisms hi : Z- Y- such that Z'^ = Z'^ Xy^ Y- for i < j 
and inducing a formally etale covering 3' ^ 2}' with 3' = limZ^'. By base changing 
by 3' ^2)', we obtain a formal scheme 3-^2) with 3 = lini Zi where Zi ~ Z[ x y/ Yi 
and Zq = y Spec fc(^) as well as a cartesian diagram 



Qi Zq 



Xi Zi 



X2 X Y2 Z2 



h2 



■ '^i Xy/ Z[ ^ X{ Xyv Z2 



where the vertical arrows are etale. Since = Q^i Xj,^^/-) fc(^), the morphism ho is a 
disjoint union of isomorphisms. Since extensions of etale morphisms over nilpotent 
thickenings are unique, each hi is a disjoint union of isomorphisms. Therefore, the 
induced morphism of good moduli spaces 3 — > 3' is adic and formally etale. In the 
cartesian diagram 

3 -3' 



2) -2)' 

the vertical arrows are adic, formally etale coverings. It follows that 2) ^ 2)' is 
both adic and formally etale. □ 



6. Uniqueness of good moduli spaces 

We will prove that good moduli spaces are universal for maps to algebraic spaces 
by reducing to the case of schemes (Theorem 14. 161 (|vi| '). 

Definition 6.1. li (f> : X ^ Y is a. good moduli space, an open substack U C X is 
saturated for (p if (j)^^ {(j){U)) — U. 
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Remark 6.2. If W is saturated for 
good moduli space. 



then 0(W) is open and : W — > ^(^) is a 



Lemma 6.3. Suppose (f) : X ^ Y is a. good moduli space. If -0 : A" ^ Z is a 
morphism where Z is a scheme and ^ C Z is an open subscheme, then 'iJj~^{V) is 
saturated for (/). 

Proof, li U — tp^^(V) is not saturated, there exists a ^ £ (f)^^{(t){\U\)) \ \U\ and 
T] G \U\ with 4>{ri) — 0(^) — y 'E \Y\. Since Z is a scheme, there exists a morphism 
X '■ Y ^ Z with ijj — X ° 4>- It follows that ?/'(^) = "(/'(f?) G which contradicts 



The following gives a generalization of [Lun73| Lemma p. 89] although in this 
paper, we will only need the special case where g is an isomorphism. 

Proposition 6.4. Suppose X' are locally noetherian Artin stacks and 

/ 




is commutative with 0, <j)' good moduli spaces. Suppose 

(a) / is representable, quasi-finite and separated. 

(b) g is finite 

(c) / maps closed points to closed points. 
Then / is finite. 



Proof. We may assume S and Y' are affine schemes. 
( [LMBOOl Thm. 16.5]), there exists a factorization 



X ■ 



By Zariski's Main Theorem 



/' 
X' 

where / is a open immersion, /' is a finite morphism and Oz ^ I*Ox is an 
inclusion. Since X' is cohomologically affine and /' is finite, Z is cohomologically 
affine and admits a good moduli space ip : Z ^ Z . We have a commutative diagram 
of affine schemes 




Y ■ 



r{x,Ox 





Y' 



TiZ,Oz) 



r{x',Ox'). 



Since i"^ is injective and g is finite, i : Y" — > Z is a surjective, finite morphism. 

For any closed point C & 1-2], there exists a closed point ^ G \X\ with ip{() = 
(io0)(^) and /(^) S \X'\ is closed. Then ^ 1-2] is a closed set consisting 

of finitely many closed points. In particular, /(^) is closed but since f separates 
closed points and ip{I{^)) = (p{C), it follows that /(^) = Therefore, I{X) contains 
all closed points. This implies that / is an isomorphism so that / is finite. □ 
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The following lemma will be useful in verifying condition (iii) above. 
Lemma 6.5. Suppose 



f 



X' 




Y 

is a commutative diagram with 0, (p' good moduli spaces and / surjective. Then / 
maps closed points to closed points. 

Proof. If ^ G \X\ is closed, the image y G \Y\ is closed and after base changing by 
Spec k{y) Y, we have 

fv 




Spec k{y) 

with (j)y, (j)'y good moduh spaces. Since Xy and Xy have unique closed points, fy{S,) 
is closed in \X'\ and therefore /(f) is closed in jA"'!. □ 



Theorem 6.6. Suppose X is a. locally noetherian Artin stack and (p : X ^Y \s a. 
good moduli space. Then cf) is universal for maps to algebraic spaces. 

Proof. Let Z be an algebraic space. We need to show that the natural map 

Hom(y, Z) — > YIowl{X, Z) 

is a bijection of sets. The injectivity argument is functorial by working etale-locally 
on Y . 

Suppose ij: : X Z . The question is Zariski-local on Z by the same argument 
in the proof of Theorem 14.161 (jvi]) so we may assume Z is quasi-compact. There 
exists an etale, quasi-finite surjection g : Zi ^ Z with Zi a scheme. By Zariski's 
main theorem for arbitrary algebraic spaces { [LMBOOl Thm 16.5] and |RG71[ Prop. 
5.7.8]), g factors as an open immersion Z\^ Z and finite morphism Z\ ~> Z. By 
taking the fiber product hy ^ : X ^ Z, we have 



X 




with j an open immersion and / is finite. By Lemma 14.141 since X = 5pec^ 
for a coherent sheaf of 0;f-algebras A, there is a good moduli space <j) : X ^ Y 
with Y = Spec(f>^A. The induced map Y Y is finite since (f>^,A is coherent 
(Theorem 14.161 (jx|). If -0 : A" — > Z, then 'ip~^{Zi) is saturated for (f) by Lemma 
16.31 and therefore there is a good moduli space <j)i : Xi ^ Yi inducing a morphism 
g -.Yi ^ Y which factors as the composition of the open immersion Yi '-^ Y and 
the finite morphism Y ^ Y . In particular, Yi — s- is finite type. 

Write Zi = Z\ y^z Z\ so that s, t : Z2 =t .^i is an etale equivalence relation and 
write Xi — X z Zi and i/^i : — > Z^. By the above argument, there is a good 
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moduli space (j32 ■ —^ I2 and induced finite type morphisms s,t : Y2 ^ Yi. Since 
Zi are schemes, there are induced morphisms : — > Zi such that — ipi o ^j. 
By uniqueness, Xi o s = s o X2 a-nd Xi ° t — t o X2- The picture is 

(6.1) 




Our goal is to show that Y2 ^ Yi is an etale equivalence relation with quotient 
Y. The morphism f : Xi ^ X is surjective, etale and preserves stabilizer auto- 
morphism groups for all points (in the sense of Theorem IS-lT a)). To show that 
g : Yi ^ Y is etale, it suffices to check at closed points. If yi G is closed, then 
as g is finite type, the image g{yi) is closed in some open V ^Y and g is etale at yi 
if and only if g\g-i(y) is etale at yi. We can find a closed point ^ G |(/)~^(y)| over 
g{yi) and a closed preimage ^1 e |(0' o g)~^{V)\ over yi. It follows from Theorem 
15.11 that g is etale at j/i. Similarly, s,t : I2 ^ are etale. 
Now consider the induced 2-commutative diagram 



Fi X 



Then if is etale, quasi-compact and separated and, in particular, quasi-finite. Note 
that Lp is also surjective. Indeed, to check this, we may assume Y = Spec K for an 
algebraically closed field K and since g is etale, we may also assume Y' = Spec K 
in which case Lp is isomorphic to / which we know is surjective. By Lemma |6.5[ Lp 
sends closed points to closed points. By Corollarv l6.4[ is a finite etale morphism 
and since ip has only one preimage over any closed point in Y' y.Y X , 93 is an 
isomorphism. Similarly : I2 =^ i^i are etale and the top squares in diagram 16. II 
are cartesian. Furthermore, by universality of good moduli spaces for morphisms 
to schemes, Y2 = YiXyYi so that Y is the quotient of the etale equivalence relation 
Y2 ^ Yi . Therefore there exists a map x '-Y ^ Z and the two maps x° 4' and if) 
agree because they agree after etale base change. □ 




7. Tame moduli spaces 

The following notion captures the properties of a geometric quotient by a linearly 
reductive group scheme. 

Definition 7.1. We will call 4> : X ^Y a. tame moduli space if 

(i) is a good moduli space. 

(ii) For all geometric points Spec k ^ S, the map 

[X{k)] ^ Y{k) 

is a bijection of sets. 
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Remark 7.2. [.^(fc)] denotes the set of isomorphism classes of objects of X{k). 

Remark 7.3. This property is stable under arbitrary base change and satisfies fppf 
descent. If X is locally noctherian, then by Theorem 16. 6i tame moduli spaces are 
universal for maps to algebraic spaces and therefore is both a good moduli space 
and coarse moduli space. The map from a tame Artin stack to its coarse moduli 
space is a tame moduli space. 

Proposition 7.4. If : A" — > y is a tame moduli space, then is a universal home- 
omorphism. In particular, is universally open and induces a bijection between 
open substacks of X and open sub-algebraic spaces of Y. 

Proof. If W C ^ is an open substack, let Z be the complement. Since is closed, 
(f>{2) is closed sub-algebraic space. Set-theoretically ^(Z) n 0(W) = because of 
property (ii) of a tame moduli space. Therefore, <p(U) is open. □ 



Proposition 7.5. If : A" F is a tame moduli space and x : Specfc X is a 
geometric point, then the natural map BGx X Xy Specfc is a surjective closed 
immersion. 

Proof. The morphism Spec fc — > A" x 5 Spec k is finite type so that BGx ^ X Xs 
Spec fc is a locally closed immersion. By considering the cartesian square 

X Xy k 5- X Xs k 



Spec fc ^ Y Xs k 

it follows since Spec fc — > 1" x 5 fc is separated that the induced morphism BG^ — > 
X Xy fc is a locally closed immersion. But it also surjective since [A'(fc)] — > ^(^) is 
bijective. □ 



Remark 7.6. It is not true that BGx X xy Specfc is an isomorphism. For 
instance over S = Specfc, if T is the ideal sheaf defining BGrn [A^/Gm] and 
Xn ^ [A^ /G,n] is defined by with n > 0, then Xn Spec fc is a good moduli 
space but the induced map BG^ — > X^ is not an isomorphism. 

Proposition 7.7. (Analogue of [GIT[ Proposition 0.6 and Amplification 1.3]) Sup- 
pose (j) : X ^ Y is a. good moduli space. Then cf) : X ^ Y is a tame moduli space 
if and only if X has closed orbits. If this holds and if Y is locally separated, then 
Y is separated if and only if the image of A;^'/^ : X ^ X Xg X is closed. 

Proof. The only if implication is implied by the previous proposition. Conversely, 
suppose X has closed orbits and suppose (p is not a tame moduli space. Let xi,X2 £ 
X{k) be two geometric points mapping to y £ ^(fc) and s G ^(fc). Since cj)s : Xs ^ 
Ys is a good moduli space and BGxi -i BGx2 ^ closed substacks with the 

property that <j)s{BGxi) ~ (ps{BGx2) ~ {y} Q \y\, it follows that xi is isomorphic 

to X2. 
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Since (f) : X ^ Y is a good moduli space, the image of A^/s is precisely the 
image oi X Xy X ^ X x s X . Since 



X xv X ■ 



Y ■ 



A 



X XgX 

(t>X(t> 

■YxsY 



is cartesian and (f) x (j> is submersive, A(F) is closed if and only if (0 x 0) ^(A(F)) 
is closed, which is true if and only if im(A;f/5) is closed. □ 



7.8. Gluing good moduli spaces. It is convenient to know when good moduli 
spaces can be glued together. Certainly one cannot always expect to glue good 
moduli spaces (see Example l8.2l) . Given a cover of an Artin stack by open substacks 
admitting a good moduli space, one would like criteria guaranteeing the existence 
of a global good moduli space. 

Proposition 7.9. Suppose X is an Artin stack (resp. locally noetherian Artin 
stack) over S containing open substacks {Ui}i^j such that for each i, there exists 
a good moduli space (j)i : Ui Yi with Yi a scheme (resp. algebraic space). Let 
U = [JiUi- Then there exists a good moduli space (f> : U ^ Y and open sub- 
algebraic spaces Yi QY such that % = Yi and (t)~^{Yi) — Ui if and only if for each 
i,j e /, Ui C\Uj is saturated for (j)i : Ui Yi (see Definition 16. ip . 

Proof. The only if direction is clear. For the converse, set Uij = Ui D Uj and 
Yij = (piijUij) C Yi. The hypotheses imply that ipiluij ■ ^ij ~^ Yij is a good moduli 
space. Since good moduli spaces are unique (Theorem I4.16[|vi]) and Theorem 16. 6p . 
there are unique isomorphisms (pij : Yij Yji such that (pij o (f>i\u^- — <j>j\uij 
and (fij = fji^. Set Uijk = Ui CiUj CiUk so that Yij n Yik — (j)i{Uijk). Since the 
intersection of saturated sets remains saturated, (j)i\uijk ■ ^ijk ^ Yij HYifc is a good 
moduli space and there is a unique isomorphism (pijk ■ Yij n Yik Yji n Yjk such 
that ipi-jk o (t)i\u,jk = 't'j\u,jk- We have ^PijW.jnYik = Vijk- The composition 

a : n Y,j Yk^ n Y,, Yjk n Yj, 

satisfies ao0j|^.^j_ — 4>j\uijk so by uniqueness Lpij^ — (pkji °^ikj- Therefore, we may 
glue the Yi to form a scheme (resp. algebraic space) Y . The morphisms (pi agree 
on the intersection Uij and therefore glue to form a morphism (j> -.U ^ Y with the 
desired properties. □ 

There is no issue with gluing tame moduli spaces. 

Proposition 7.10. Suppose X is an Artin stack (resp. locally noetherian Artin 
stack) over S containing open substacks {Ui}ii^i such that for each z, there exists 
a tame moduli space 4'i : Ui Yi with Yi a scheme (resp. algebraic space). Let 
U — [JiUi. Then there exists a tame moduli space cj) : U Y and open sub- 
algebraic spaces Yi <ZY such that Yi = Yi and (f)"^{Yi) — Ui. 

Proof. By Proposition l7.4i each (j>i induces a bijection between open sets of Xi and 
Yi and therefore every open substack of Xi is saturated. □ 
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8. Examples 

Example 8.1. If A" is a tame Artin stack (see |AOV08) ) and </> : A" — » F is its 
coarse moduli space, then is a good moduli space. 

Let 5" = Spec k. 

Example 8.2. (p : [A^/Gm] Specfc is a good moduli space. Similarly, cf) : 
[A^/Gm] Spec A: is a good moduli space. The open substack [A^ \ {0}/Gm] 
is isomorphic to P^. This example illustrates that good moduli spaces may vary 
greatly as one varies the open substack. 

Example 8.3. If G is a linearly reductive group scheme over k (see Section [T2|) 
acting a scheme X — Spec A, then cj) : [X/G] Spec^'-^ is a good moduli space 
(see Theorem ll3.2p . 

Example 8.4. <j) : [P^/G„i] ^ fc is not a good moduli space. Although condition 
(ii) of the definition is satisfied, (p is not cohomologically afRne. There are two closed 
points in [P^/G„i] which have the same image under cf) contradicting property 
of Theorem mm 

Example 8.5. (j> : / PGL2] Speck is not a good moduli space. Indeed, 
there is an isomorphism of stacks [F^ / PGL2] = B{\JT2) where UT2 C GL2 is the 
subgroup of upper triangular matrices. Since UT2 is not linearly reductive (see 
Section [T^ . is not cohomologically affine. 

Example 8.6. We recall Mumford's example ( [GIT|, Example 0.4]) of a geometric 
quotient that is not universal for maps to algebraic spaces over S — Spec C. The 
example is: SL2 acts naturally on the quasi-affine scheme 

X = {{L, Q^)| L is nonzero linear form, 

Q is a quadratic form with discriminant 1} 

The action is set-theoretically free (ie. SL2(fc) acts freely on X{k)) but the action 
is not even proper (ie. SL2 xX ^ X x X is not proper). If we write X = [X/ SL2], 
then X is the non-locally separated affinc line which is an algebraic space but not 
a scheme. The morphism 

(t): X ^ 

is a geometric quotient. KoUar shows in jKol97l Example 2.18] that (f> is not uni- 
versal for maps to arbitrary algebraic spaces. The induced map A" — > A^ is not a 
good moduli space (as one can check directly that T{X, Ox) ^{X, Ox /I) is not 
surjective where I defines a nilpotent thickening of the origin) but obviously the 
identity morphism A" — > A" is a good moduli space. 

In the following examples, let S = Spec k with k an algebraically closed field of 
characteristic 0. The characteristic hypothesis is certainly necessarily while the 
algebraically closed assumption can presumably be removed. 

Example 8.7. Moduli of semi-stable sheaves 

Let X be a connected projective scheme over k. Fix an ample line bundle C'x(l) 
on X and a polynomial P G Q[z]. For a coherent sheaf on A" of dimension d, 
the reduced Hilbert polynomial p{E,m) — P{E,m)/ad{E) where P is the Hilbert 
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polynomial of E and ad/dl is the leading term. A coherent sheaf E on X of 
dimension d is called semi-stable (resp. stable) if E is pure and for any proper 
subsheaf F C E, p{F) < p{E) (resp. p{F) < p{E)). A family of semi-stable 
sheaves over T with Hilbert polynomial P is a coherent sheaf £ on X XsT flat over 
T such that for all geometric points t : Spec K ^ T, £t is semi-stable on Xt with 
Hilbert polynomial P. 

Let p be the stack whose objects over T are families of semi-stable sheaves 
over T with Hilbert polynomial P and a morphism from £i on X x g Ti to £2 on 
X Xg T2 is the data of a morphism g : Ti T2 and an isomorphism (/> : f 1 — > 
(id X g)*£2- Mx p Artin stack finite type over k. Let Mx p ^ -^x p be the 
open substack consisting of families of stables sheaves. While every pure sheaf of 
dimension d has a unique Harder-Narasimhan filtration where the factors are semi- 
stable, every semi-stable sheaf E has a Jordan-Holder filtration = E'o C i?i C 
■ ■ ■ C El — E where the factors gr^ = E-jEi^i are stable with reduced Hilbert 
polynomial p{E). The graded object gr(i?) = ®iE^i{E) does not depend on the 
choice of Jordan-Holder filtration. Two semi-stable sheaves Ei and E2 with the 
same reduced Hilbert polynomial are called S-equivalent if gr(_Ei) ^ gr(_B2)- A 
semi-stable sheaf is polystable if can be written as the direct sum of stable sheaves. 

The family of semi-stable sheaves on X with Hilbert polynomial P is bounded 
(see |HL97I Theorem 3.3.7]). Therefore, there is an integer m such that for any 
semi-stable sheaf F with Hilbert polynomial P, F{m) is globally generated and 
h'^{F{m)) = P{m). There is surjection Ox{—m)^'^"^^ — > F which depends on 
a choice of basis of V{X,F{m)). There is an open subscheme U of the Quot 
scheme (^noix p{Ox{—m)^^"^^) parameterizing semi-stable sheaves and inducing 
an isomorphism on which is invariant under the natural action of GLp(-„j) on 
Quot_Y p(C»x(-m)^(™)). One can show that Alf p [fJ/ GLp(,„)]. The argu- 
ments given by Gieseker and Maruyama and also later by Simpson (see |HL971 Ch. 
4]) imply that there is a good moduli space (j) : M^x p ~^ p where p is pro- 
jective. Moreover, there is an open subscheme p such that (j)~^{Mx p) = Mx p 
and (IjIm^ ^ is a tame moduli space. To summarize, we have 

M^x,p^ ^Mf^P 

<!> 

mx,p' ^ J^^J^x,p 

We stress that (j) is not a coarse moduli space and two fc-valued points of M^x p 
have the same image under (j) if and only if the corresponding semi-stable sheaves 
are ^-equivalent. 

Example 8.8. Compactification of the universal Picard variety 
Let g > 2. Recall that a semi-stable (resp. stable) curve of genus g over T is a 
proper, flat morphism tt : C — > T whose geometric fibers are reduced, connected, 
nodal 1-dimensional schemes Ct with arithmetic genus g such that any non-singular 
rational component meets the other components in at least two (resp. three) points. 
For a semi-stable curve C — > Spec fc, the non-singular rational components meeting 
other components at precisely two points are called exceptional. A quasi-stable 
curve of genus g over T is a semi-stable curve such that in any geometric fiber, no 
two exceptional components meet. A line bundle L of degree d on a semi-stable 
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curve C — > Spec k of genus g is said to be semi-stable (or balanced) if for every 
exceptional component E of C, deg^ L — 1, and if for every connected projective 
sub-curve Y of genus qy meeting the complement in ky points, the degree dy of Y 
satisfies: 

\dy '^{gv - 1 + ky/2)\ < ky/2 

It is shown in |Mel07j that the stack Qii g parameterizing quasi-stable curves of 
genus g with semi-stable line bundles of degree d is Artin. There is an open substack 
Gd,g C Qd,g consisting of stable curves and the morphism Qd.g —>■ Mg is the universal 
Picard variety. Lucia Caporaso in |Cap94| showed that there exists a good moduli 
space (j) : Gd,g Pd.g (which is not a coarse moduli space) where Pd,g is a projective 
scheme which maps onto Mg. Furthermore, there is an open subscheme Pd^g C Pd,g 
such that 4>~^{Pd,g) = Qd,g and <j)\g^ ^ is a coarse moduli space. 

Example 8.9. In [Sch91| . Schubert introduced an alternative compactification 
of AAg parameterizing pseudo-stable curves. A pseudo-stable curve of genus g is a 
connected, reduced curve with at worst nodes and cusps as singularities where every 
subcurve of genus 1 (resp. 0) meets the rest of the curve at least 2 (resp. 3) points. 
For g > 3, the stack A^g^ of pseudo-stable curves is a separated, Deligne-Mumford 
stack admitting a coarse moduli space M^'^ . For g = 2, is a non-separated 

Artin stack and admits a good moduli space (p : Ai^'^ M^^ which identifies 
all cuspidal curves (cuspidal curves whose normalization are elliptic curves, the 
cuspidal nodal curve whose normalization is P^, and the bicuspidal curve whose 
normalization is P^) to a point (see [HasOSj . [IIL07bj ). The bicuspidal curve is 
the unique closed point in the fiber and has as stabilizer the the linearly reductive 
group Gm X Z2. For g > 2, the schemes M^^ are isomorphic to the log-canonical 
models Mg(a) = Proj ©^(ATg, d{Kj^ + aA) for 7/10 <a < 9/11, where S is the 

boundary divisor, and the morphism Mg contracts Ai, the locus of elliptic 

tails (see }HH06j ). 

Hassett and Hyeon show in [HH08| for g > 4 (the g = 3 case is handled in 
[HL07a] l that a flip occurs at the next step in the log minimal model program 
at a = 7/10. Furthermore, they give modular interpretations for Mg{7/10) and 
Mg(7/10 — e) as the good moduH spaces (but not coarse moduli spaces) for the stack 
of Chow semi-stable curves (where curves are allowed as singularities nodes, cusps, 
and tacnodes do not admit elliptic tails) and Hilbert semi-stable curves (which are 
Chow semi-stable curves not admitting elliptic bridges), respectively. 

9. The topology of stacks admitting good moduli spaces 

Proposition 9.1. Let A:" be a locally noetherian Artin stack and (p : X ^ Y 
a good moduli space. Given a closed point y G \Y\, there is a unique closed 
point X S |0~^(?/)|. The dimension of the stabilizer of x is strictly larger than the 
dimension of any other stabilizer in (j)^^{y). 

Proof. The first statement follows directly from the fact that Xy — > Specfc(y) is 
a good moduli space and therefore separates closed disjoint substacks. Let r be 
maximal among the dimensions of the stabilizers of points of 4>^^{y). By upper 
semi-continuity f fEGAl IV.13.1.3]), Z = [z € \(l>-^{y)\ \ dimG^ = r} C (j)-^{y) is 
a closed substack (given the reduced induced stack structure). Let x G |Z| be a 
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closed point. If (j)^^{y) \ {x\ is non-empty, there exists a point x' closed in the 
complement. Since there is an induced closed immersion ^ Q^i , dim Q,j. < 
diTciQ^i contradicting dimGj, = dimG^;/. □ 

This unique closed point has linearly reductive stabilizer (see Proposition ll2.14)) . 
Conversely, it is natural to ask when a point of an Artin stack X is in the closure 
of another point with lower dimensional stabilizer. This question was motivated 
by discussions with Jason Starr and Ravi Vakil. If X admits a good moduli space, 
then the answer has a satisfactory answer: 

Proposition 9.2. Suppose X \s a. noetherian Artin stack finite type over S and 
(f) : X Y is a, good moduli space. Let d be minimal among the dimensions of 
stabilizers of points of X. Assume that the open substack W — {x ^ \X\ \ dimGa; = 
d} is dense (for instance, if X is irreducible). Then any closed point z G |^| is in 
the closure of a point in U. 

Proof. Define 

a : \X\ ^ Z, X dimG^; 

(9.1) 

T : \X\ ^ Z, X 1-^ diuix (f>^^{(f>{x)) 

By applying |EGA[ IV. 13. 1.3], a is upper semi-continuous and since (/) : X ^ Y 
is finite type, r is also upper semi-continuous. In particular, U is an open substack. 

Suppose z G \X\\\hl\ is a closed point not contained in the closure of any point 
in U. In particular z ^ U so diniGz > d. Set y = (j){z). There is an induced closed 
immersion Qz ^ <j)^^{y) and a diagram 

— -rHy) — 



Spec k{y) 

where both Qz Specfc(j/) and (f>~^{y) Specfc(j/) are good moduli spaces. We 
claim that Qz ^ 4>~^{y) is surjective. If not, there would exist a locally closed 
point w G (j)^^{y) distinct from z but containing z in its closure. But since \Qz\ is 
a proper closed subset of \Qw\^ dimGto < dimG^ contradicting our assumptions on 
z. Therefore dvaiQz — dim^ 0~^((/i(z)). 

For any x G |^|, we will show that diraQx < dim^ 0^^(/)(a;). Let Z — {z G 
4>~^(j3(x) \ diniGx > dimGz} which is a closed substack (with the induced reduced 
stack structure) of (j)'"^ {(t>{x)) . Let x' G \Z\ be a closed point. The composition of 
the closed immersions Q^' ^ Z ^ {(j)(x)) induces the inequalities dimGa; < 
dimGa;' < dim^ 4>~^ 4'{x) . 

For any point x G \X\, 

~ A\mQx + dimGa; < dim^; 0^^(0(a;)) + dimGa; 

Set r = dimG^ > d. Let W C A" be the open substack consisting of points 
X G \X\ such that dimG„ < r and dim^ (j)~^{4){w)) < —r. Since dim^, 4>~^{4>(w)) + 
dimG^ > 0, it follows that for all w G |W|, dimG^ = r and dim ((/)(w)) = — r 
which contradicts that U X \s dense. □ 
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10. Characterization of vector bundles 

li (p : X ~> Y is a good moduli space and Q is a. vector bundle on Y, then (t)*Q is a 
vector bundle on X with the property that the stabilizers act trivially on the fibers. 
It is natural to ask when a vector bundle J- on X descends to Y (that is, when 
there exists a vector bundle QonY such that (p*Q ^ T). In this section, we prove 
that if X is locally noetherian, there is an equivalence of categories between vector 
bundles on Y and vector bundles on X with the property that at closed points the 
stabilizer acts trivially on the fiber. This result provides a generalization of the 
corresponding statement for good GIT quotients proved by Knop, Kraft and Vust 
in [KKV89| and [Kra89| . We thank Andrew Kresch for pointing out the following 
argument. 

Definition 10.1. A vector bundle T on a locally noetherian Artin stack X has 
trivial stabilizer action at closed points if for all geometric points x : Spec k ^ X 
with closed image, the representation of Gx on J- k is trivial. 

Remark 10.2. This is equivalent to requiring that for all closed points ^ G \X\, 
inducing a closed immersion i : ^ X , there is an isomorphism i*T Og^ for 
some n. 

Theorem 10.3. li (p : X ^ Y is a good moduli space with X locally noetherian, 
the puUback functor (p* induces an equivalence of categories between vector bundles 
on Y and the full subcategory of vector bundles on X with trivial stabilizer action 
at closed points. The inverse is provided by the push-forward functor (f>^. 

Proof. We will show that if is a vector bundle on X with trivial stabilizer action 
at closed points, the adjunction morphism A : (f)*4>,,J- — > is an isomorphism and 
4>t:J- is locally free. These statements imply the desired result since the adjunction 
morphism Q 4><,4'*Q is an isomorphism for any quasi-coherent Oy-module (see 
Proposition 14. 5p . 

We may assume that Y — Spec A and J- is locally free of rank n. We begin by 
showing that A is surjective. Let ^ G \X\ be a closed point which induces a closed 
immersion i : ^ X defined by a sheaf of ideals T, a closed point y = <j){^) e Y, 
and a commutative diagram 

'-^X 



Spec k{y)- ^Y 

It suffices to show that i*X is surjective for any such ^. First, the adjunction 
morphism a : j*4>*J- — > (p'^.i* T is surjective. Indeed, j*a corresponds under the 
natural identifications to 4't,J-'/{4'*^4'*^) ~* 4>*[J^/IJ-) = 4>*T / 4>,:{I^F) which is 
surjective since (j)^X<j),,!F C (j)^{XJ-). Now i*\ is the composition 

i*(t>*(t,,T ^ (t)'*j*(t)*J' '''^ (l>'*(t>'J*T ^ i*T 

where the last adjunction morphism is an isomorphism precisely because J- has 
trivial stabilizer action at closed points. Therefore, A is surjective. 

Since Y is affinc, ®s^y(x j^) ~^ 't'*-^ ^® surjective and it follows that the com- 
position ®s<^T{x T is surjective. Let ^ G \X\ be a closed 
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point. There exists n sections of T{X,1F) inducing (3 : J- such that 

C i Supp(coker/3). Let = F \ 0(Supp(coker/3)) and U <j)-^[V). Then 
^ G Z// and I3\u : Oy T\u is surjective morphism of vector bundles of the same 
rank and therefore an isomorphism. It follows that (\)t,(i\v : Oy — s- i>t,T\u and 
\\u ■ 4>*4>*J-\u ^ J'\u are isomorphisms. This shows both that A is an isomor- 
phism and that is a vector bundle. □ 

Remark 10.4. The corresponding statement for coherent sheaves is not true. Let 
A; be a field with char(fc) 2 and let Z2 act on = Specfc[a;] by x 1-^ —x. Then 
[A-'^/Z2] 1-^ SpecA;[2:^] is a good moduli space. If i : BTLi ^ [A^/Z2] is the closed 
immersion corresponding to the origin, then i^:OBZ2 does not descend. 

11. Stability 

Artin stacks do not in general admit good moduli spaces just as linearly reduc- 
tive group actions on arbitrary schemes do not necessarily admit good quotients. 
Mumford studied linearized line bundles as a means to parameterize open invariant 
subschemes that do admit quotients. In this section, we study the analogue for 
Artin stacks. Namely, a line bundle on an Artin stack determines a (semi-)stability 
condition. The locus of semi-stable points will admit a good moduli space and 
will contain the stable locus which admits a tame moduli space. In particular, we 
obtain an answer to [LM BOO, Question 19.2.3]. 

Let X be an Artin stack with p : X S quasi-compact and £ be a line bundle 
on X. 

Definition 11.1. (Analogue of [GIT|, Definition 1.7]) Let x : Spec/c ^ A:" be a 
geometric point with image s € S. 

(a) X is pre-stahle if there exists an open substack U X containing x which is 
cohomologically afhne over S and has closed orbits. 

(b) X is semi-stable with respect to C if there is an open U ^ S containing s and a 
section t G T{p-'^{U), C") for some n>0 such that t{x) ^ and p^^{U)t -> U 
is cohomologically afhne. 

(c) X is stable with respect to C if there is an open [/ C S* containing s and a 
section t G T{p-^{U),C') for some n > such that t{x) ^ 0, V~^{JJ)t ^ U is 
cohomologically afSne, and p^^{U)t has closed orbits. 

We will denote X^^.^, X^, and X^ as the corresponding open substacks. 

Remark 11.2. If S" = Spec^ is afhne, then x is semi-stable with respect to C if and 
only if there exists a section t G r(X, £") for some n > such that t{x) 7^ and 
Xt cohomologically afhne. See Proposition 1 1 1 . 1 ll for equivalences of stability. 

Remark 11.3. The r(A:', C';i')-m-odule ^^^^T{X,£") is a graded ring and will be 
called the projective ring of invariants. More generally, the Os-module ®„>oP*'C" 
is a quasi-coherent sheaf of graded rings and is called the projective sheaf of invari- 
ants. 

Proposition 11.4. (Analogue of [GITi Proposition 1.9]) If X is an Artin stack 
quasi-compact over S, there is a tame moduli space 4> : X^^.^ — ^ Y , where y is a 
scheme. Furthermore, ii U C A" is an open substack such that U ^ Z is a tame 
moduh space, then U C X^^.^. 
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Proof. This follows from Propositions 17.71 and 17.101 □ 

There is no guarantee that X^^^ is non-empty. Furthermore, the scheme Y 
in the preceding proposition may be very non-separated. For instance, \i X ~ 
[(P^)^/ PGL2], A'prc is the open substack consisting of tuples of points such that 
three are distinct. There is a good moduli space A'prc Y where Y is the non- 
separated projective line with three double points. 

Theorem 11.5. (Analogue of pITl Theorem 1.10]) Let p : A" S* be quasi- 
compact with X an Artin stack and £ be a line bundle on X. Then 

(i) There is a good moduli space : X^ —* Y with Y an open subscheme of 
'Proj 0^>qP*£" and there is an open subscheme V CY such that — 
X^ and 4'\xi : X^^V \s a. tame moduli space. 

(ii) If X^ and S are quasi-compact, then there exists an 5'-ample line bundle M 
on Y such that <I)*M= for some N > {). 

(iii) If S is an excellent quasi-compact scheme and X is finite type over S, then 
y ^ S* is quasi-projective. 

Proof. By the universal property of sheafy proj, there exists a morphism (j) : X'^^ 
'Proj 0^>gP,£". The set-theoretic image Y is open and by the definition of semi- 
stability, : X^^ ^ y is Zariski-locally a good moduli space. Let F C F be the 
union of open sets of the form (Proj 0,j>q r(p~^(C/), £"))f where [/ C 5 is affine, 
t e r(p^^([/), £") for some n > such that p^^{U)t is cohomologically affine 
and has closed orbits. It is clear that 4'~''^{V) — X^ and Proposition 17.71 implies 
4>\xi : X^ ^ V is a. tame moduli space. 

The quasi-compactness of X^ and 5* implies that Y is quasi-compact and there 
exists > 0, a finite affine cover {Si} of S, and finitely many sections tij G 
r{p~^{Si), C^) such that Y is the union of open affines of the form (Proj 0„>q r{p^^{Si),£^^j)tij. 
It follows that M — 0{N) on Proj 0„>oP*'C" is an S'-ample line bundle and there 
is a canonical isomorphism (/>*A^|y = C^\x]?- 

If in addition S is excellent and X is finite type, then Theorem 14. 16[|xi| ) implies 
that y ^ 5* is quasi-projective. □ 

Corollary 11.6. Let X be an Artin stack finite type over S. If X admits a good 
moduli space projective over S then X ^ S is cohomologically projective. If S is 
excellent, the converse holds. 

Proof. Suppose (f) : X ^Y is a. good moduli space with Y projective over S. Let M 
be an ample line bundle on Y . It is easy to see that (t)*M. is cohomologically ample 
and since is universally closed, it follows that X is cohomologically projective 
over S. For the converse, there exists an S'-cohomologically ample line bundle C 
such that Xf^ — X and y ^ 5 is quasi-projective. Since y ^ 5* is also universally 
closed, the result follows. □ 

Example 11.7. Over SpecQ, the moduli stack, A^g, of stable genus g curves and 
the moduli stack, A^xpj semi-stable sheaves on a connected projective scheme 
X with Hilbert polynomial P, are cohomologically projective. 
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11.8. Equivalences for stability. Suppose X is a. locally noetherian Artin stack 
and (f) : X ^ Y is a good moduli space. Recall the upper semi-continuous functions: 

a : \X\ ^ Z, X >—>■ dimGx 

T : \X\ ^ Z, X 1-^ diuix (f>~^{(l){x)) 

If in addition (/) : X ^ Y is a tame moduli space, then for all geometric points 
X, dim.x 4>~^{4>{x)) = dimBGx by Proposition [731 which implies that 

+ T = 0. 

so that a and r are locally constant. 

Definition 11.9. x G \X\ is regular if a is constant in a neighborhood of x. Denote 
X'^'^^ the open substack consisting of regular points. 

Lemma 11.10. If X is locally noetherian and a is locally constant in the geometric 
fibers of 5, then X has closed orbits. In particular ii X = X'^''^, X has closed orbits. 

Proof. It suffices to consider S = Specfc with k algebraically closed. Suppose 
X : Spec SI ^ X is a geometric point such that BGx A" O is not a closed 
immersion. Since the dimension of the stabilizers of points of x ^ $7 is also locally 
constant, we may assume il = k. The morphism BGx ^ X is locally closed so 
it factors as BGx — > 2^ — > A", an open immersion followed by a closed immersion. 
Let y be a fc-valued point in Z with closed orbit. Since Z is irreducible (as BGx 
is irreducible), dim i?Gj^ < dimZ but dimSG^ ~ dimZ. It follows that a is not 
locally constant at y. □ 



Proposition 11.11. (Analogue of [GITl Amplification 1.11]) Let X he a noether- 
ian Artin stack which is finite type over an affine scheme S and C a line bundle on 
X. Let X be a geometric point of X^. Then the following are equivalent: 

(i) a; is a point of X^. 

(ii) X is regular and has closed orbit in X^ 

(iii) X is regular and there is a section t G r{X, C^) for > with t{x) ^ and 
such that Xf is cohomologically affine and x has closed orbit in Xt- 

Proof. We begin with showing that (i) implies (ii). Let : X^ ^ F be a good 
moduli space and V CY such that (j)^^{V) — X^. Write x : Specfc ^ X and let 
X = X Xs k, Y — Y Xs k,... Consider 

BGx ^ X'^jT Xy Spec k ^ ^ 'X^ 



Spec k ^ V ^ Y 

First, all points in X^ are regular. By Proposition 17.51 the composition BGx ^ 
X^^ Xy Speck X^^ is a closed immersion. 

It clear the (ii) implies (iii). Suppose (iii) is true and define the closed substacks 
of Xt by Sr — {x \Xt\ I dimGj; > r}. For some r,x€Sr\ Sr+i. If we let 

Zi = {x} 



34 



ALPER 



which are closed substacks of Xt- Since x is regular, they are disjoint. We have 
(/) : Xt ^ Specr{Xt,Ox) is a good moduli space and by Proposition I4.16l | iill) . 
0(Zi) n 0(^2) = 0. There exists / € r{Xt, Ox) with f{x) ^ and f\z., = 0. The 
stabilizers of points in {Xt)f have the same dimension so by Lemma 111.101 {Xt)f 
has closed orbits. Finally, since X^ is quasi-compact, there exists an AI such that 
t*^ • / e T{X, C'^'^) and {Xt)f = Xtu.f. This implies (i). □ 



11.12. Converse statements. The semi-stable locus of a line bundle admits a 
quasi-projective good moduli space. In this section, we show the converse holds 
under suitable hypotheses: given an open substack which admits a quasi-projective 
good moduli space, then the open substack is contained in the semi-stable locus 
of some line bundle. The following theorem provides a generalization of [GITl 
Converse 1.13]. We note that although Mumford states the result for the stable 
locus, the same proof holds for the semi-stable locus. 

We thank Angelo Vistoli for pointing out the proof of the following lemma: 

Lemma 11.13. Let X he a. noetherian regular Artin stack and U Q X an open 
substack. Then Pic(A:') ViciU) is surjective. 

Proof, heti -.U X. If L is a Une bundle on U, then by [LMBOOi Cor. 15.5], 
there exists a coherent sheaf T such that J^\u = C. Since J^^\u = = C, we 
may assume that J- is reflexive. Since X is noetherian and regular, any reflexive 
rank 1 sheaf is invertible. □ 



Theorem 11.14. (Analogue of [GITi Converse 1-13]) Let A* be a noetherian regular 
Artin stack with affine diagonal over a quasi-compact scheme 5*. Then 

(i) If W C A' is an open substack and cp : W ^ W is a. tame moduli space with 
W quasi-projective over S, then there exists a line bundle C on X such that 
W C X^. 

(ii) If W C X is an open substack and tp : U ^ U is a good moduli space with 
U quasi-projective over S, then there exists a line bundle C on X such that 
U C X^ and U is saturated for the good moduli space (f> : X^ — > Y. 

(iii) If W,U, ip,i> are as in (i) and (ii) such that W CU and W = i>~'^{W), then 
there exists a line bundle C on X such that U C X^. In particular, we have 
a diagram 





where the four vertical faces are cartesian and the far square is as in Theorem 

EH 

Proof. For (ii), let Ai be an S-ample line bundle on U. By the lemma, there exists 
a line bundle C on X extending tp*Ai. Let Vi, . . . T>k be the components oi X \ U 
of codimension 1 and write £n = jC(^ ^x{N{J2i T^i))- 
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Set q : U ^ S and p : X ^ S. Let 5' C 5" be an affine open and set U' — q ^ {U), 
X' = p-^{U') and W = X' n U. We will show that if so G T[U' , X®") such that 
U'g^ is affine, then s — ^p*so extends to a section t e T{X' , Cf/^) for some N such 
that XI — Wg. We may choose N large enough such that s extends to a section t 
which vanishes on each V'l — T>i D X' . We have 

K C X^ C A" \ UiV'i 

li g : X ^ XI is a smooth presentation with X a scheme, then since X S 
has affine diagonal, g is an affine morphism. Since is cohomologically affine, 
U — g^^iU'g) is an affine scheme and therefore all components of X \ C/ have 
codimension 1. Since t vanishes on each codimension 1 component of X' , it 
follows that XI = U'g . Therefore, U'^ C X^^ . We may cover U with finitely many 
such open substacks. Clearly, J7 C y and U = 

Statements (i) and (iii) follow from similar arguments by realizing that the open 
substacks U'^ have closed orbits by Proposition 17.71 □ 

12. Linearly reductive group schemes 

Definition 12.1. An fppf group scheme G — > S* is linearly reductive if the mor- 
phism BG ^ S" is cohomologically affine. 

Remark 12.2. Clearly G is linearly reductive if and only if BG ^ S* is a good 
moduli space. 

Remark 12.3. If S' = Specfc, this is equivalent to usual definition of linearly reduc- 
tive (see Proposition 1 12 . 6|) . If char A: = 0, then G Specfc is linearly reductive if 
and only if G — > Specfc is reductive (ie. the radical of G is a torus). 

Linear reductive finite flat group schemes of finite presentation have been classi- 
fied recently by Abramovich, Olsson and Vistoli in [AOV08| . Over a field, linearly 
reductive algebraic groups have been classified by Nagata in |Nag62| . It is natural 
to ask whether these results can be extended to arbitrary linearly reductive group 
schemes. 

If G — ^ is a finite fiat group schemes of finite presentation, then G — > S' is 
linearly reductive if and only if the geometric fibers are linearly reductive f [AOV08l 
Theorem 2.19]). If in addition S is noetherian, linearly reductivity can even be 
checked on the fibers of closed points of S. 

This result does not generalize to arbitrary fppf group schemes G ^ S. Indeed, 
if S* = let G ^ be the group scheme with fibers Z/2Z over all points 

except over the origin where the fiber is the trivial. There is a unique non-trivial 
action of G on A'^ ^ A^. Let X = [A^/G] and Xq be the fiber over the origin. Then 
T{X,Ox) T{Xo,Oxo) is not surjective (ie. invariants can't be hfted) implying 
G — > A^ is not linearly reductive. Clearly the geometric fibers are linearly reductive. 
One might hope that if G ^ 5* has geometrically connected fibers, then linearly 
reductivity can be checked on geometric fibers. 

If G ^ is an fppf group scheme, it is not an open condition on S that the 
fibers are linearly reductive. For example, the only fiber of GLn{7i) —>■ SpecZ which 
is linearly reductive is the generic fiber. If in addition G S is finite, then by 
Proposition |AOV08[ Lemma 2.16 and Theorem 2.19], this is a local property. 



Example 12.4. 
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(1) GL„, PGL„ and SL„ are linearly reductive over Q. They are not linearly 
reductive over Z although GL„ and PGL„ are reductive group schemes over Z. 

(2) A diagonalizable group scheme is linearly reductive ( [SGA3[ 1.5.3.3]). In par- 
ticular, any torus (Gm)" — > S' is linearly reductive and /Lt„ ^ 5 is linearly 
reductive where /z„ = SpecZ[i]/(t" — 1) Xx S . 

(3) An abelian scheme (ie. smooth, proper group scheme with geometrically con- 
nected fibers) is linearly reductive. 

Proposition 12.5. (Generalization of }AOV08|, Proposition 2.5]) Suppose S is 
noetherian and G — > S" be an fppf group scheme. The following are equivalent: 

(i) G ^ S is linearly reductive. 

(ii) The functor Coh^(S') ^ Coh(S') defined hy F ^ is exact. 

Proof. This is clear from Proposition 13.51 □ 

Proposition 12.6. Let G Specfc be a finite type and separated group scheme. 
The following are equivalent: 

(i) G is linearly reductive. 

(ii) The functor V i— > V'~^ from G- representations to vector spaces is exact. 

(iii) The functor V t— » from finite dimensional G-representations to vector 
spaces is exact. 

(iv) Every G-representation is completely reducible. 

(v) Every finite dimensional G-representation is completely reducible. 

(vi) For every finite dimensional G-representation V and 7^ u e V'^ , there exists 
F G [V'^)'^ such that F{v) ^ 0. 

Proof. The category of quasi-coherent OsG-modules is equivalent to category of 
G-representations so that (ii) is a restatement of the definition of linearly reductive. 
Proposition 112.51 implies that (ii) is equivalent to (iii). For (iii) => (v), if ^ 
Vi — > V2 — > V3 ^ is an exact sequence of finite dimensional G-representations, 
then by applying the functor Hom'^(V3, •) = Hom'^(fc, ® •) = (V^ ^ which is 
exact, we see that the sequence splits. Conversely, it is clear that (v) =^ (iii). A 
simple application of Zorn's lemma implies that (iv) <J=^ (v). We have established 
the equivalences of (i) through (v). 

For (iii) =4> (vi), ^ v G gives a surjective morphism of G-representations 
V : — > fc,Q; a{v). After taking invariants, (1^^)'^ ^ fc is surjective which 
implies there exists F e (F^)*^ with F{v) / 0. Conversely for (vi) => (iii), 
suppose a : V ^ W is a surjective morphism of finite dimensional G-representations 
and w e . Then a~^{w) = V' ^ k is surjective morphism of G-representations 
giving ^ F e so by (vi) there exists v' G V"^ C V'^ with F{v') ^ 0. 
The image of v' G W'~^ is a scalar multiple of w so it follows that V'~^ W'^ is 
surjective. □ 

Remark 12.7. The equivalences of (ii) - (vi) remain true without the assumptions 
that G is finite type and separated over k. 

Proposition 12.8. (Generafization of ' AOV08[ Proposition 2.6]) Let G ^ 5 be 
an fppf group scheme, S' —>■ S a morphism of schemes and G' = G x s S' . Then 

(i) If G ^ S* is linearly reductive, then G' — * S" is linearly reductive. 
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(ii) If S" ^ 5 is faithfully flat and G' S' is linearly reductive, then G — > 5* is 
linearly reductive. 

Proof. Since BG' = BG Xs S", this follows directly from Proposition 13. 91 □ 

Example 12.9. If G ^ is a linearly reductive group scheme acting on a scheme 
X affine over S, then p : [X/G] 5 is cohomologically affine. Indeed, there is a 
2-cartesian square: 

X 



[X/G] ^ BG 

Since S — > BG is fppf and X ^ S \s affine, [X/G] — > BG is an affine morphism. 
This implies that the composition [X/G] BG ^ 5 is cohomologically affine. 
Furthermore, from the property P argument of of 13.141 it follows that [X/G] 
P*0[x/G\ is a good moduH space. 

Conversely, if G — > S* is an afflne group scheme acting on an algebraic space X 
and [^/G] — > S* is cohomologically afflne, then X is affine over 5*. This follows from 
Serre's criterion (see Proposition [53]) since X ^ S' is the composition of the afflne 
morphism X [X/G] with the cohomologically afflne morphism [X/G] S. 

Example 12.10. A morphism of Artin stacks f : X ^ y \s said to have afflne 
diagonal if ^x/y '■ X ^ X Xy X is an afflne morphism. The property of a mor- 
phism having affine diagonal is stable under composition, arbitrary base change 
and satisfies fppf descent. If G ^ is an fppf affine group scheme acting on an 
algebraic space X ^ S with affine diagonal, then [v'C/G] S has affine diagonal. 
Indeed, let X = [-'^/G] and consider 

G XsX^^XxsX^^X 



X -^XxsX 

where the square is 2-cartesian. Since G — > 5 is affine, pioij} \s affine. Since X ^ S 
has affine diagonal, pi has affine diagonal. It follows from the property P argument 
of 13.141 that is affine so by descent X ~* S has affine diagonal. In particular, 
BG ^ S has affine diagonal. 

12.11. Linearly reductivity of stabilizers, subgroups, quotients and ex- 
tensions. 

Proposition 12.12. Suppose <Y is a locally noetherian Artin stack and ^ G [X[. 
If X : Spec k ^ X is any representative, then Gx is linearly reductive if and only if 
is cohomologically affine. 

Proof. This follows from diagram 12. II and fpqc descent. □ 

The above proposition justifies the following definition. 

Definition 12.13. If A' is a locally noetherian Artin stack, a point ^ S [X[ 
has a linearly reductive stabilizer if for some (equivalently any) representative 
X : Speck X, Gx is linearly reductive. 



38 



ALPER 



The following is an easy but useful fact insuring linearly reductivity of closed 
points. 

Proposition 12.14. Let A" be a locally noetherian Artin stack and (j> : X Y a 
good moduli space. Any closed point ^ G \X\ has a hnearly reductive stabihzer. In 
particular, for every y ^Y, there is a ^ 6 \Xy \ with linearly reductive stabilizer. 

Proof. The point f induces a closed immersion ^ X. By Lemma I4.14[ the 
morphism from t/^ to its scheme-theoretic image, which is necessarily Specfc(^), is 
a good moduli space. Therefore ^ has linearly reductive stabilizer. □ 



Matsushima's Theorem. We can now give a short proof of an analogue of a 
result sometimes referred to as Matsushima's theorem (see |MFK94l Appendix ID] 
and |Mat60| ): If 7J is a subgroup of a reductive group scheme G, then H is reductive 
if and only if G/H is affine. In }Mat60j . Matsushima proved the statement over 
the complex numbers using algebraic topology. The algebro-geometric proof in the 
characteristic zero case is due Bialynicki-Birula in [BB63| and a characteristic p 
generalization was provided by Haboush in .IIab78j and Richardson in [Ric77| . 

Theorem 12.15. Suppose G — * 5 is a linearly reductive group scheme and 
iJ C G is an fppf subgroup scheme. Then 

(i) If G/H ^ 5 is affine, then iJ — > 5 is linearly reductive. 

(ii) Suppose G ^ 5 is affine. If iJ ^ S* is linearly reductive, then G/H ^ 5 is 
affine. 

Suppose X is a. locally noetherian Artin stack and ^ G \X\. Then 

(iii) If A" — > S* is cohomologically affine and X is affine, then ^ has a linearly 
reductive stabilizer. 

(iv) li X ^ S has affine diagonal and ^ has a linearly reductive stabilizer, then 
C/^ — > A" is affine. 

In particular, if <Y = [X/G] where G ^ 5 is an affine, linear reductive group 
scheme and X ~> S is affine, then ^ has a linearly reductive stabilizer if and only if 
OxiO -^X is affine. 

Proof. For (i) and (ii), the quotient stack [G/H] is an algebraic space which we will 
denote by G/H. Since the square 

G/H 

BH >-BG 

is 2-cartesian, BH BG is affine if and only HG/ H ^ S is affine. By considering 
the composition BH BG S, it is clear that ii G/H ^ S is affine, then H 
is linearly reductive. For the converse, since BG — > S has affine diagonal, the 
property P argument of 13.141 implies that G/H — > 5* is cohomologically affine and 
therefore affine by Serre's criterion (see Proposition I3.3p . 
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For (iii) and (iv), consider the commutative square 





Spec/c(0 

For (iii), the composition ^ X ^ S is cohomologically afhne. Since SpecA;(^) 
S has afhne diagonal, SpccA;(^) is cohomologically affine so ^ has linearly re- 

ductive stabilizer. For (iv), since ^ has linearly reductive stabilizer, the composition 
Spec fc(^) — > S" is cohomologically affine. Because X ^ S has affine diagonal, 
^ X is cohomologically affine and therefore affine by Serre's criterion. □ 

More generally, we can consider the relationship between the orbits and stabi- 
lizers of T-valued points. 

Proposition 12.16. Let A:" — > S" be an Artin stack and f : T ^ X he such that 
G/ is an fppf group scheme over T. Then 

(i) If A:" ^ 5 is cohomologically affine and the natural map BG f X Xg T is 
affine, then G/ — > T is linearly reductive. 

(ii) li X ~> S has affine diagonal and G/ — > T is linearly reductive, then the 
natural map BG f ^ X xs T is affine. 

In particular, ii X — [X/G] where G ^ 5 is linear reductive, X S is affine, and 
f : T X has fppf stabilizer Gf ^ T, then G/ T is linearly reductive if and 
only if ox(/) ^ X xg T is affine. 

Proof. Consider the composition BGf ^ X x s T ^ T . The ffist part is clear 
and the second part follows from the property P argument of 13.141 and Serre's 
criterion. □ 

Matsushima's theorem characterizes subgroup schemes of a linearly reductive 
group that are linearly reductive. The following generalization of [AOV08[ Propo- 
sition 2.7] shows that quotients and extensions of linearly reductive groups schemes 
are also linearly reductive. 

Proposition 12.17. Consider an exact sequence of fppf group schemes 

1 — > G' — >G — > G" — >l 

(i) If G ^ S* is linearly reductive, then G" — > S* is linearly reductive. 

(ii) If G' ^ S* and G" — > S are linearly reductive, then G ^ S* is linearly reductive. 

Proof. We first note that for any morphism of fppf group schemes G' ^ G induces a 
morphism i : BG' BG with i* exact. Indeed p : S ^ BG' and iop are faithfully 
flat and i* is exact since p* o i* is exact. There is an induced commutative diagram 




40 



ALPER 



and a 2-cartesian diagram 

BG' -^-^ BG' 
S ^ BG" 

The natural adjunction morphism id —>■ j^,]* is an isomorphism. Indeed it suffices 
to check that p* P*j*j* is an isomorphism and there are canonical isomorphisms 
p*j^j* = T^G'*^*j* — '^G'*''^GiP* such that the composition p* ttg'*t^giP* corre- 
sponds the composition oip* and the adjunction isomorphism id — > ttg'*t^gi- 
To prove (i), we have isomorphisms of functors 

Ti'G"* ^ T^G"*i*j* - t^gJ* 

with ttg^ and j* exact functors. 

To prove (ii), j is cohomologically afRne since p is faithfully flat and G" — > S' is 
linearly reductive. As ttq = ttg" ° j is the composition of cohomologically affine 
morphisms, G — s- S" is linearly reductive. □ 



13. Geometric Invariant Theory 

The theory of good moduli space encapsulates the geometric invariant theory of 
linearly reductive group actions. We rephrase some of the results from Section I4lfl2l 
in the special case when X is quotient stack by a linearly reductive group scheme. 

13.1. AfRne Case. Let G ^ S he a linearly reductive group scheme acting an a 
scheme p : X ^ S with p affine. 

Theorem 13.2. (Analogue of [GITi Theorem 1.1]) The morphism 

(j) : [X/G] — > Specp^O[x/G] 

is a good moduli space. 

Proof. This is immediate from Example 112.91 □ 

Remark 13.3. If S" = Spec k, X ~ Spec A and G is a smooth affine linearly reductive 
group scheme, this is [GITi Theorem 1.1] and 

X — > SpecA*^ 

is the GIT good quotient. 

Corollary 13.4. GIT quotients behave well in flat families. With the hypotheses 
of Theorem 113.21 for any field valued point s : Spec k —^ S, the induced morphism 
■■ [Xs/Gs] is a good modufi space with = Specr{Xs,Ox,)^' ■ If X ^ S 
is flat, then Y ^ S is flat. 

Proof If a: ^ is fiat, then X = [X/G] -> S is fiat and by Theorem |436l|ix| , 
y — > 5 is fiat. The second statement follows since good moduli spaces are stable 
under arbitrary base change and Xs = [Xg/Gs]- □ 
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13.5. General case. Let G ^ 5 be a linearly reductive group scheme acting an 
a scheme p : X ^ S with p quasi-compact. Suppose L is a G-linearization on X. 
Let X = [X/G], g . X ^ X and C the corresponding line bundle on X. Define 
Xf = g^H-^F ) and XI = g-HX^). U S = Spec A:, then this agrees with the 
definition of (semi-)stability in [GITi Definition 1.7]. 

Theorem 13.6. (Analogue of [GlTl Theorem 1.10]) 

(i) There is a good moduli space (f> : X^ Y with Y an open subscheme 
of "Pi'oj 0„>q(p,£")'^ and there is an open subscheme V C_ Y such that 
(l)^^{V) — X^ and 01^"= : X^^ V is a. tame moduli space. 

(ii) If X^£ and S are quasi-compact over S (for example, if \X\ is a noetherian 
topological space), then there exists an S'-ample line bundle on F such 
that (l)*M = for some N. 

(iii) If S is an excellent quasi-compact scheme and X is finite type over S*, then 
y — !■ S" is quasi-projective. If X ^ S* is projective and C is relatively ample, 
then y ^ S* is projective. 

Proof. This is a direct translation of Theorem 111.51 For the final statement, the 
extra hypotheses imply that for every section s £ r(A"''', £") over an affine in S, the 
locus Xg is cohomologically affine which implies that Y = Vvo] ©„>o(P*'^")'^- ^ 

Remark 13.7. If 5 = Spec A; and G is a smooth affine linearly reductive group 
scheme, this is pITl Theo rem 1.10] and 

— r CProj0r(X,L")G 

n>0 

is the GIT good quotient. 
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